
Submitted to the Annals of Applied Statistics

SUPPLEMENTAL FILE FOR THE PAPER TITLED “JUMP
DETECTION IN GENERALIZED ERROR-IN-VARIABLES

REGRESSION WITH AN APPLICATION TO
AUSTRALIAN HEALTH TAX POLICIES”

By Yicheng Kang∗ , Xiaodong Gong† , Jiti Gao‡ , and Peihua
Qiu∗

University of Florida∗,
University of Canberra, Australian National University and IZA†

Monash University‡

In this supplemental file, we mainly give the proof of Theorem 1. First,
note that result (i) can be proved similarly to those in cases when there is
no measurement error involved (e.g., Qiu et. al 1991). Next, let us prove
result (ii). Without loss of generality, let us assume that C = 1. Consider a
given point x ∈ [γ1, γ2], where [γ1, γ2] is sub-interval in [0, 1]. Let M(x) =
m(x)fX(x),

M̂n,r(x+) =
1

nhn

n∑
i=1

YiKr

(
Wi − (x+ hn)

hn

)
,

and M̂∗n(x+) =
1

nhn

n∑
i=1

YiKr

(
Wi − x
hn

)
.

Then, it can be verified that, fixing Wi ∈ (x, x+ hn),

E
{
M̂∗n(Wi+)|Wi

}
= M(x+)

∫ 1

0
Kr(v)P

(
U < v +

Wi − x
hn

)
dv

+ M(x−)

∫ 1

0
Kr(v)P

(
U ≥ v +

Wi − x
hn

)
dv

+ O(hn + σn),

and EM̂n,r(x+) = M(x+)

∫ 1

0
Kr(v)P (U < v + 1) dv

+ M(x−)

∫ 1

0
Kr(v)P (U ≥ v + 1)dv

+ O(hn + σn).

Next, using some similar arguments to those in the proof of Theorem 3 in
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Cheng and Lin (1981), we will show that

M̂n,r(x+)− EM̂n,r(x+) = O

(
(log n)1+η

n1/2hn

)
, a.s.(A.1)

Define the truncated random variable

Ỹj = YiI{|Yi|<i1/2 log1/2+γ(i)}, i = 1, . . . , n,

where γ = (η − 1/2)/10. Let

gn(i) =
1

nhn
YiKr

(
Wi − (x+ hn)

hn

)
,

and g̃n(i) =
1

nhn
ỸiKr

(
Wi − (x+ hn)

hn

)
.

Then we have

M̂n,r(x+)− EM̂n,r(x+)

=
n∑
i=1

gn(i)− g̃n(i) +
n∑
i=1

g̃n(i)− E{g̃n(i)}+

n∑
i=1

E{g̃n(i)} − E{gn(i)}.

Consider, for any given ε > 0,

P

(
ξn

(log n)1+γ

n∑
i=1

[g̃n(i)− Eg̃n(i)] > ε

)

= P

(
ξn

n∑
i=1

[g̃n(i)− Eg̃n(i)] > ε(log n)1+γ
)

≤ exp
{
−ε(log n)1+γ

}
E

{
exp

{
ξn

n∑
i=1

[g̃n(i)− Eg̃n(i)]

}}

= n−ε(logn)
γ

n∏
i=1

E {exp {ξn[g̃n(i)− Eg̃n(i)]}} ,(A.2)

where ξn = n1/2hn(log n)−1/2−2γ . By the definition of g̃n(i) and the bound-
edness of Kr, we have

|ξn[g̃n(i)− Eg̃n(i)]|(A.3)

=
ξn
nhn

∣∣∣∣ỸiKr

(
Wi − (x+ hn)

hn

)
− E

[
ỸjKr

(
Wi − (x+ hn)

hn

)]∣∣∣∣
=

ξn
nhn

n1/2 log1/2+γ(n)C1

= (log n)−γC1,
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where C1 is some positive constant. Using the facts that exp(x) ≤ 1+x+x2,
for |x| ≤ 1/2, and (A.3), we have

(A.2) ≤ n−ε(logn)
γ

n∏
i=1

E
{

1 + ξ2n[g̃n(i)− Eg̃n(i)]2
}

= n−ε(logn)
γ

n∏
i=1

{
1 + ξ2nV ar[g̃n(i)]

}
≤ n−ε(logn)

γ
n∏
i=1

exp
{
ξ2nV ar[g̃n(i)]

}
= n−ε(logn)

γ
exp

{
n∑
i=1

ξ2nV ar[g̃n(i)]

}

≤ n−ε(logn)
γ

exp

{
ξ2n
n2h2n

nE

[
Ỹ 2
1 K

2
r

(
W1 − (x+ hn)

hn

)]}

≤ n−ε(logn)
γ

exp

(
ξ2n
nh2n

C ′2

)
≤ C2n

−ε(logn)γ ,(A.4)

where C ′2 and C2 are two positive constants. In the second last inequality, we
have used the boundedness of Kr(·), a(·), b′(·) and b′′(·), and the fact that
E[Ỹ 2

1 ] ≤ E[Y 2
1 ] = b′(θ)2 + b′′(θ)a(φ). By the same arguments in (A.2)-(A.4),

we have

P

(
ξn

(log n)1+γ

n∑
i=1

[Eg̃n(i)− g̃n(i)] > ε

)
≤ C2n

−ε(logn)γ .

And thus,

P

(∣∣∣∣∣ ξn
(log n)1+γ

n∑
i=1

[Eg̃n(i)− g̃n(i)] > ε

∣∣∣∣∣
)
≤ 2C2n

−ε(logn)γ .

By the Borel-Cantelli Lemma, we have

(A.5)
ξn

(log n)1+γ

n∑
i=1

[g̃n(i)− Eg̃n(i)]→ 0, a.s.

Next, it can be checked that∣∣∣∣∣ ξn
(log n)1+γ

n∑
i=1

[Eg̃n(i)− Egn(i)]

∣∣∣∣∣(A.6)
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≤ C ′3ξn
nhn(log n)1+γ

n∑
i=2

E|Yi|I{|Yi|≥i1/2(log i)1/2+η}

≤ C ′3ξn
nhn(log n)1+γ

n∑
i=2

EY 2
i /(i

1/2(log i)1/2+η)

≤ C3ξn
nhn(log n)1+γ

n1/2

=
C3ξn

n1/2hn(log n)1+γ

= C3(log n)−3/2−3γ ,

where C ′3 and C3 are two positive constants. Also,∣∣∣∣∣ ξn
(log n)1+γ

n∑
i=1

[gn(i)− g̃n(i)]

∣∣∣∣∣ ≤ C4ξn
nhn(log n)1+γ

n∑
i=1

|Yi − Ỹi|.

Notice that

E
∞∑
k=1

I{
Yk 6=Ỹk

} =
∞∑
k=2

P (|Yk| ≥ k1/2(log k)1/2+γ)

≤ 1 +
∞∑
k=2

EY 2
k /(k(log k)1+2γ)

< ∞.

So, for a given ω, there exists an N(ω) > 0 such that Yk(ω) = Ỹk(ω), for
k ≥ N(ω). Then we have∣∣∣∣∣ ξn

(log n)1+γ

n∑
i=1

[gn(i)− g̃n(i)]

∣∣∣∣∣ ≤ ξnC4(ω)

nhn(log n)1+γ
(A.7)

=
C4(ω)

n1/2(log n)3/2+3γ
,

where C4 is a positive constant. By combining (A.5) - (A.7), we have shown
that (A.1) is true. By arguments similar to (A.5) - (A.7), we also have

M̂∗n(Wi+)− E[M̂∗n(Wi+)|Wi] = O

(
(log n)1+η

n1/2hn

)
, a.s.

Next, consider the special case when Yi ≡ 1, for i = 1, · · · , n. In this case,
by replacing Yi with 1 in the definition of gn(i), we have

gn(i) =
1

nhn
Kr

(
Wi − (x+ hn)

hn

)
,

and g̃n(i) = gn(i), for i = 1, . . . , n.
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Then, repeating the arguments in (A.2) - (A.5) gives

1

nhn

n∑
j=1

Kr

(
Wj − (x+ hn)

hn

)
− E

 1

nhn

n∑
j=1

Kr

(
Wj − (x+ hn)

hn

)
= O

(
(log n)1+η

n1/2hn

)
, a.s.

By the continuity of fX , we have,

1

nhn

n∑
j=1

Kr

(
Wj − (x+ hn)

hn

)
= fX(x) +O (βn) , a.s.

and
1

nhn

n∑
j=1

Kr

(
Wj −Wi

hn

)
= fX(x) +O (βn) , a.s.

Since fX is positive on (0, 1), we have

max
x<Wi<x+hn

|m̂∗n(Wi+)− m̂n,r(x+)|

= |m(x+)−m(x−)|
∫ 1

0
Kr(v)P

(
v + min

x<Wi<x+hn

Wi − x
hn

< U < v + 1

)
dv

+O(βn), a.s.

= |m(x+)−m(x−)|
∫ 1

0
Kr(v)P (v < U < v + 1) dv +O(βn), a.s.

Next, let

M̂n(x+)

=
1

nhn

n∑
i=1

YiK
∗
r

(
Wi − x
hn

)
K∗

(
|m̂∗n(Wi+)− m̂n,r(x+)|

maxx<Wi<x+hn |m̂∗n(Wi+)− m̂n,r(x+)|

)
.

Then, we have

M̂n(x+) =
1

nhn

n∑
i=1

YiK
∗∗
r

(
Wi − x
hn

)
+O(βn), a.s.
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We can check that

E

[
1

nhn

n∑
i=1

YiK
∗∗
r

(
Wi − x
hn

)]

=

∫ ∫
M(whn + x− σnu)K∗∗r (w)fU (u) dudw

=

∫ 1

0
K∗∗r (w) dw

{∫ whn
σn

−∞
[M(x+) +M ′(x+ ξ1(whn − σnu))

(whn − σnu)]fU (u) du+

∫ ∞
whn
σn

[M(x−) +M ′(x+ ξ2(whn − σnu))

(whn − σnu)]fU (u) du

}
= M(x+)

∫ 1

0
K∗∗r (w)P (U < whn/σn) dw

+M(x−)

∫ 1

0
K∗∗r (w)P (U > whn/σn) dw +O(hn) +O(σn)

= M(x+)

∫ 1

0
K∗∗r (w) dw − [M(x+)−M(x−)]

∫ 1

0
K∗∗r (w)P (U > w) dw

+O(hn),

where ξ1 and ξ2 are two values in (0, 1). By the arguments analogous to
those in (A.2) - (A.7), it can be proved that

M̂n(x+) = M(x+)

∫ 1

0
K∗∗r (w) dw − [M(x+)−M(x−)] ·∫ 1

0
K∗∗r (w)P (U > w) dw +O(βn), a.s.

After applying the above arguments to the special case when Yi ≡ 1, for
i = 1, · · · , n, we have

1

nhn

n∑
i=1

K∗r

(
Wi − x
hn

)
K∗

(
|m̂∗n(Wi+)− m̂n,r(x+)|

maxx<Wi<x+hn |m̂∗n(Wi+)− m̂n,r(x+)|

)

= fX(x)

∫ 1

0
K∗∗r (w) dw +O(βn), a.s.

Therefore,

m̂n(x+)− m̂n(x−) = m(x+)−m(x−)− (m(x+)−m(x−)) ·∫ 1
0 K

∗∗
r (w)P (|U | > w) dw∫ 1

0 K
∗∗
r (w) dw

+O(βn), a.s.
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Next, observe thatK∗
(∫ 1

0
Kr(v)P (v+w<U<v+1) dv∫ 1

0
Kr(v)P (v<U<v+1) dv

)
increases with w, P (|U | >

w) decreases with w, and K∗r is a decreasing function. Then, the inequality
given in the last paragraph of Section 3 follows from the Chebyshev integral
inequality1. So, we have completed the proof of result (ii). To prove result
(iii), note that the convergences in (i) and (ii) are uniform in x ∈ [γ1, γ2]
and that ∫ 1

0 K
∗∗
r (w)P (|U | > w) dw∫ 1

0 K
∗∗
r (w) dw

< 1

by the condition that
∫ δ
−δ fU (u) du > 0 for any δ > 0. Then, the result (iii)

follows immediately. The proof of Theorem 1 is then completed.

1Let f, g : [a, b] → R be integrable functions, both increasing or both decreasing.
Furthermore, let p : [a, b]→R+

0 be an integrable function. Then∫ b

a

p(x) dx

∫ b

a

p(x)f(x)g(x) dx ≥
∫ b

a

p(x)f(x) dx

∫ b

a

p(x)g(x) dx.

See Mitrinovic et. al (1993) for a detailed discussion on Chebyshev Integral Inequality and
its generalizations and variants.
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