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This supplementary file contains a description of the roof/valley edge detection
procedure, proofs of the theoretical results presented in Section 3 of the paper, and some
simulation results about the proposed method.

S.1 Roof/Valley Edge Detection

In this part, we describe our proposed roof/valley edge detection procedure. The method-
ology is similar to the step edge detection procedure described in the paper. For any
given design point (z,y) € [ka/n,1 — ka/n] X [ka/n, 1 — ko /n], where the positive integer
ky < mn/2 is the bandwidth parameter for roof/valley edge detection, let us consider a
circular neighborhood OZ(z,y) = {(u,v) : (u,v) € Q, /(u—2)2+ (v —1y)% < ko/n}
and the following local quadratic kernel (LQK) smoothing procedure:
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Let(co(x,y), c1(z,y), C2(z,y), c3(x, y), ca(z,y), ¢5(z,y)) denote the solution to (co, c1, 2,
cs,cq,¢5) of (S.1). Then, ¢3(z,y) and ¢4(z,y) are LQK estimators of f2 (z,y) and
vy (T, y). Similar to step edge detection, we divide Oy (x,y) into two halves, denoted

as U//(z,y) and V) (z,y), along the direction perpendicular to (¢3(x,y), ¢s(x,y)). To
detect jumps in f], we define

min Z {Z(m+i/n,y+j/n)— {co-l—cl?i—i- (S.1)
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where ZJF(x,y) and b_ (z,y) are respectively the solutions to b of the following local
weighted least square problems:

U/l (z,y)
) 2 i « ( df
min Z(@+Ey+ )~ (+vi+e) K (5. 5) 0 (55), (83)
Vi (z,y)

! * i * d;l
gij(xvy) = [G1($7y>+G2($7y)%+G3($7y)%]K (évé)L (kg/Jn>7
Gi(z,y) = un(z,y)uo(zr,y) —wio(x, y)uoz(z,y),

Ga(z,y) = wuoo(z,y)uoz(z,y) — vor(x, y)uor(z,y),
Gi(z,y) = U01($,y)ulo($ y) — oo (7, Y)u11(z,y),
z i « (4
u81,32(x7y) = (; (,T %)L (kz/n) s1,80 =0,1,2,

Uy (z,y)

gi;(w,y) is defined in the same way as g;;(7,y), except that U}/(z,y) in the definition of
Us, s, (,y) should be replaced by V,/(z,y), and d}; is the Euclidean distance from the
design point (x;,y;) to the line separating U}/ (x,y) from V,/(z,y). Similarly, to detect
jumps in f;, we define
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where ¢4 (z,y) and ¢_(z,y) are respectively the solutions to ¢ of (S.2) and (S.3),

hij(z,y) = [Hi(z,y)+ Ha(z,y)L +H3(a;,y)%] K* (k'z,k'z)L* (ki//ljn),
Hi(z,y) = wol(z,y)ui(z,y) — uoi(z, y)uzo(z,y),
Hy(z,y) = wuoi(z,y)uro(z,y) — uoo(z, y)uir(z,y),
Hi(z,y) = woo(®,y)u20(z,y) — wio(z, y)uio(z,y),

and hj;(x,y) is defined in the same way as h;;(w,y), except that U,/ (w,y) in the definition
of us, s, (x,y) should be replaced by V' (x,y). Then, the design point (z,y) is flagged as
a roof/valley edge pixel if

M® (2, y) = max {M?,)l(xy)Mégi(xy)} > w0,

where v, is a threshold value. However, this criterion could be large around step edges
too, due to the zero-crossing properties of the second-order derivatives around step edges
(cf., Qiu 2005, Figure 6.2). To overcome this difficulty, we propose flagging (x,y) as a
roof/valley edge pixel if

Li(z,y) = 0, and MP (z,y) > v,0, (S4)
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where I,(z,y) denotes the number of detected step edge pixels in O/ (z,y). The two
modification procedures in Qiu and Yandell (1997) can also be used here to remove the
two types of deceptive roof/valley edge pixels detected by (S.4). Again, o should be
replaced by & in practice.

S.2 Proofs of Theorems 3.1 and 3.2

o~

Lemma 1. Under the conditions of Theorem 3.1, the estimated gradient (b(z,y),c(x,y))
obtained from the local linear kernel smoothing procedure (3) in the paper has the follow-
ing properties:

(i) If f has continuous first order derivatives at (x,y), then

o~

(b(z, y),e(x,y)) = (fo(z,9), fy(2,v)), as.,  asn— oo (S.5)

(i1) If (x,y) is a nonsingular point on a roof/valley edge, i.e., [ is continuous at (x,y)
and has finite first order directional derivatives but the limits of fl or f?’J from the
two parts separated by the roof/valley edge are not the same, then

~

(Besn). Eey) = 5 (Fo ) + i (20), (5.6)

For (@) + fy_(z,y)), as., asn — oo,

where f,. (z,y), fr_(2,y), fy(2,y), and f,_(z,y) denote the limits of the first
order derivatives of f(u,v) as (u,v) approaches (x,y) from the two parts separated
by the roof/valley edge.

(iii) If (z,y) is a nonsingular point on a step edge which has a tangent line at (z,vy),
then

~

(b(z, y), (=, y))
VBl w)? + e, y)?

where 0 is the angle formed by the tangent line of the JLC at (z,y) and the z-axis.

— (—sind,cosb), a.s., as n — oo, (S.7)

Proof Recall that (x;,y;) = (i/n,j/n), fori,j =1,2,...,n,and R, = sup;, ; rn(i/n,j/n),
where 7, (i/n,j/n) is the blurring extent at (i/n,j/n). Then, it is not difficult to verify
that the solution of (3) in the paper has the expressions

~ 1 ) ) ] T 7
b(xay) = 5 Z Z($+7y+])K* <7j>7
T20 i2+j2<k:2n n n kl kl
SRy

R 1 . i . . i .
C(xay) = 5 Z lZ (x+,y+]>K (k’]j>’
7”02 i2+j2§kf n n n 1 1
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where 77 . = Zi2+j2§k%(%)sl(%)82[(* ( i g ), for s1,s2 = 0,1,2. To prove the result

5182 k1 k1

(S.5), we notice that if f has continuous derivatives at (z,y), then

By =+ H{f}<x+y+i>K(klj> 5.8)

n n
2 i<

where
H{f}(&,v) = //2+ 2<(M(£mj))2h(u,v;fz’,’Yj)f(ﬁi —u,7y; — v) dudv
e ) (6 ) — Fo(E )
u24v2< (2 :L’“’J )2
- A+ o]
= f(& )+ O(Rn/n), (5.9)
and (&,v;) = (:c + %,y + i) By (S.8) and (S.9), we have
E(b(,y))
- Tl > [f@+i/ny+i/n)+O(Ra/m) K" (kiki)
20 g2y 52<k2 v
= LS Ut L fyea)ifn+ 0RO LR (L)
20 g2y o <k2 v
1 i (i
o a2 O K (5 2)
D DR o COF ) R
T20 i n 1 k1

fi(@,y) 3 e (0 o O(Bn/n) + O(ki/n?)
n2 k1 kl k1/n
i2452<k?

= fo(@,y) + O(Rn/k1) + O(ks/n).

In the last equation of the above expression, we have used the results that .., o k2

"
T20

K* (kil, kil) =0, Z¢2+j2<k’f %K* (kl—l, kj—l) = 0, by the circular symmetry of K*. We
have also used the result that 3, = O(k{/n?), which can be proved similarly to expres-
sion (23) in Proposition 2 of Qiu (2009). Then by (24) in Proposition 2 of Qiu (2009),

we have . L . 1
i g 1 ] ogn
. o — VK[ —, L) = , a.s., 1
DY 8J¢<k1 kl) <k1 kl) O< kr > @ (8.10)

bz

where ¢(u,v) is any Lipschitz-1 continuous function defined in the region {(u,v) :
u? +v2 < 1}. By (S.8) and the fact that 75, = O(k{/n?), we have

Ba,y) —Bly) = — 3 g,.jiK*(kil,ki):o(m‘;f;m),a.s. (8.11)

T n
20 424 j2cp2
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Similarly, we have

qary) —BEwy) = — 3 eulkt (i i>:o<”13§%<">),a.s. (5.12)

)
re n k1’ k1
02 iz4j2<k3

After combining (S.11) and (S.12), (S.5) is proved.

Now, assume that (z,y) is a nonsingular point on a roof/valley edge segment. Since
f has bounded directional first-order derivatives, we can find a positive constant C' such
that for any two points (z;,y;) and (z; — u,y; — v) in a neighborhood of (z,y), we have

f('rlay])_CV ’U,2+U2 Sf(ml_uay]_v) Sf(xlvyj)+cv ’U,2+’U2.

Consequently, f(w, ;) — 2L < [ [ iy, by v, y) (i — s —
v) dudv < f(x;,y;) + CTlZv) - go,

H{f}(wi,y;) = f(@i,y;) + O(rn(zi,y5)/n)- (S.13)

Because (z,y) is a nonsingular point, the related roof/valley edge segment has a unique
tangent line at (x,y). Without loss of generality, let us assume that (i) the roof/valley
edge segment in O/ (z,y) is a straight line, which forms an angle 6 with the z-axis, and
(ii) the roof/valley edge segment divides O/, (z,y) into two parts O},,(z,y) and O}, (z,y),
where O1,,(z,y) contains the upper-right quarter of O}, (z,y) and O}, (x,y) contains the
lower-left quarter of O, (x,y). The first assumption is reasonable because the difference
between the roof/valley edge segment and the tangent line at (z,y) is negligible in
O} (z,y) when n is sufficiently large. Then, we have

~

E(b(z,y))
1 . . i i
= = ( Z + Z )[f(m+z/n,y+]/n)+O(Rn/n)]nK <kT’k%)
20 \0f, (@) Ob,(aw)
1 7 B A ]
- = 3 [few el enl] e (EL)+
20 01, (z.y)

1 , 7 , Jlet 1 J
h S IR =L
= 2 |few et noenl] te (H) +
05, (=,y)
1 i j
LY ot/ + 0t/ LR ()
20 01 (z,y) v
fz,y) i (z j) fos(z,y) (z) (z j)
= 5 K ) K (o)t
T20 O%y)n kl k’1 T20 Oin%yy) n k1 kl
fo(z,y) 5 (z>2 (z j) fo+(x,y) ij (z j>
s —) K (= )+ 2 Y Sk (=
T30 oL ) n ki’ ky T30 o’ln(x,y)nn ki’ k1
fo—(z,y) i j o1 ]
+ = N —2K o + O(Rn /K1) + O(k1/n)

3 nn
20
04, (z,y)

S5
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foy(2,y) fao(z,y) (2)2 . ( i )
E +—— g ) K" (—,— |+
( T30 T30 oL ) n k1" k1
2n (%)

O, (z,y)
' (x, ' (x, i .1 ]
(piem 3 ten 5 )i (c.2)
20 o (@) 20 0y (@) o

+O(Rn/k1) + O(k1/n),

where we have used the result that r; = 0 due to the circular symmetry of K*. Also
observe the following facts:

R e N P R
- JE™ dep [} r3 cos? pK*(r) dr
_ 1

- 3 + O(l/kl)v

N2 i ~
ZOé,n(ac,y)(l/n) K (IJT’H) fge_:fﬂ de fol r3 cos? eK*(r) dr

+O(1/k1)

=
20

T30 - f027r do fOl 3 cos2 4»01?*(7') dr + O(l/k‘l)

Zoin(m,y)(i/n)(j/n)}(*(ﬁ7ﬁ) _ .[96+7r d<Pf01 r3 cos%sintpf(*(’l‘) dr

730 B f027r dp fol r3 cos2 @ K*(r) dr + O(l/kl)
Zoén(m,y)(i/n)(j/n)z(* (ﬁykﬂil) _JEEET dp 3% cos psin R (r) dr

TSO - fUQW de fol 3 cos? g;f(* (r) dr + O(l/kl)

= 0+0(1/k1),
where K* (r) = K*(rcosp,rsing). Then we have
E(b(z,y)) = Z=C0 IO 4 O(1/ky) + O(Ra /kr) + Ok /n). (S.14)

By (S.11) and (S.14), we have

- )t S (e 1
ba,y) = L=E s @0 | 01 /ky) + O(Ra/k1) + O(kr /n) + O (” ljf”) .
1

Similarly, we have

~ L)ty }
ow,y) = L=E I ED L O(1 k) + O(Ra /K1) + Ok /n) + O <” ]‘;g”) :
1

Then, (S.6) is proved.

Now, if (z,y) is a nonsingular point on a step edge segment, then O/, (z,y) consists of
the following three disjoint parts Oy, ;(z,y), Oy, .(z,y), and Oy, . (z,y), where O}, .(x,y)
is a band of width 2R, /n containing a step edge segment in its middle, and O}, ,(x,y)
and Oy, ,.(z,y) are on its two different sides. Since (x,y) is nonsingular, the step edge
segment has a unique tangent line at (x,y). Also, without loss of generality, we can
assume that the step edge segment is a straight line in O], (x,y) and it forms an angle 0



BLIND IMAGE DEBLURRING S7

with the z-axis. Then, we have

E(b(z,y)) (S.15)

-4 EDEEED SEED DI P FEE P S

Zhe
~—

"20 \ o ) Ol cww) O @)
1 ; J i [0 ]
— K Lin LK . 2
= 2 fariur )o@ (G L)+
0y, 1 (zy)
1 , i i
LS B+ i/my+i/miK (—,i)+
20 s n kl kl
Or,c(zy)
! i (i
Aol R
= X Yatimytim+ ot mit (L)
01, v (z,y)
_ 1 T (2 J nRy
= 3 Ul O/ + OBl K (£ 2)+o()
n,l Ty
1 A |
K (L
b Y U+ O/ + ORI ()
20 07 (x.)

_ 4oJ\ 1 Ty (4
= ~(z,y ZZ <]<; ]g) Té‘off(x’y) Z nK <k17k1)
i=1 j=1 O;’T(z,y)

1 i (i 1 il
- TS f—("l"7y) Z EK <k717k71> + rx f+(:r7y) Z EK (H,kjil)
0 0}, (@y) 20 (@.9)
nRo
+ O(Rn/k1)+0(1 < 5 )
l

_ filmy) = fo(zy) Z %K*<1:1k>+0()+0(n1§n>'

T30 @,

In the third equation of (S.15), we have used the results that r3, = O(k$/n?), H{f} (i, y;)
are uniformly bounded when (z;,y;) € O], .(x,y), and the fact that the ratio of the area of
O, .(z,y) to the area of O}, (z,y) is of order O(Ry,/k;). In the fourth equation, we have

used the results that ZO;L,T(%y) LK~ (k " Tor ) = O(k{/n), Zo' 1(zy) ;K* (k%’ k]T) -
(kg/n) and 13, = (k:4/n2) In the last equation, we have used the result rio = 0 and

L Eon ) ; (L) =0 ) By (S.11), we have
b(I y) f+(zy)?420f (z,y) Z %K* (;fja;fj)-*‘o( )-i—O(nR")-i-O(nlOg;(n)),a.S.
o7, »(z,y)

Similarly, we have

o) = BERZEED L () £ 0 +0 () + 0 () s

02 ,
O r(zy)
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By using the following two facts:

O+

de fol r2 cos o K*(r) dr -

S8

—Qfol r2K*(r) dr .

ki/n § : i
r ;K
20
o1, . (z,y)

Ot de jol r2sin o K*(r) dr

Rl A N 0 _ =
(’ﬂ’ k >_> f02" dgofolTSCOSZApK*(’I‘) dr

‘rrfol r3K*(r) dr 51n0,

2]01 r2K*(r) dr

0

o~

(b(z,y), c(x, y))

l}’?* i g — =0 — =
T2 Z n (k1 ' kq ) 27 dp f()l r3sin2 @ K*(r) dr

7Tf01 TSK*(’I’) dr COS@,

(k1 /m)bla, ), (k1 /n)e(x, y))

Vbla,y)? + ez, )2

—  (—sinb, cosb), a.s,

which completes the proof of (S.7).

Proof Of Theorem 3.1

VU /)b, )2 + (ks /), y)?

By some routine algebraic manipulations, the solution to a in the local linear kernel

smoothing problem (4) has the expression

ar(z,y) = ZU,’L(IJ/) bij(z,y)Zij
o 20, () Vi (€,)
220 (e Oid (@, ) H{f i, ;)

ZU;L(z,y) bij (x, y){—:ij

ZUﬁ(i’y) bij (x, y)
= Il(xay)+-[2(xay)

X:U;l (z,y) bij (J}, y)

(S.16)

Let Tj’,’l(x, y) denote the half of O}, (z,y) separated by a line passing (z, y) in the direction
perpendicular to the asymptotic direction of (Z(x, y),¢(x,y)), which is given in Lemma 1,
and ch denote the Euclidean distance from (z;,y;) to that dividing line. For a function
¢ satisfying the condition that sup,z,2<; [¢(u,v)| < bg < 0o, we have

-2 o) K (i) (Tl’

U}, (z,y)
1 % 1 * i « [ ndj
1P ) K (&)L (
U/, (z,y)
i j * i * nd~/
- ol () (5
U/, (z,y)

(S.17)
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IN

bo [ K [loo|[ Ll oo

w2

Ul () AU, (2,y)

|d}; —di; |
+0 ( ki/n )

where §,, denotes the acute angle between (b(m y),c(z,y)) and its asymptotic direction
and Uy (z,y) & Up(x,y) = (U (2,9) \ Up(x,y)) U (U (2,9) \ Up(e,y)). In the first
mequahty of (S. 17) we have used the Lipschitz—l continuity of L*. In the last equation,
Lemma 1 has been applied. Now, let

= 0(b,) =0(1), a.s.

Btea) = [Brlea)+ Bato)s + Bato)d] K (15 L) 270 ),
Bi(z,y) = tao(@,y)loz(w,y) — b (z, )t (z,y),
Ba(z,y) = toi(@,y)tn(z,y) — tw(z, y)lo(z,y),
Bs(z,y) = to(z,y)hi(e,y) — tor(z,y)t2(z,y),
Bl = X @Gk (L) £l i),

Then, by using similar arguments to those in (S.17), we can check that

207, (e.) bij (@, y) H{f }(wi, ;)

Li(z,y) = = + 0(dn), a.s. (S.18)
Zﬁ;b(x,y) bij (xvy)
Also,
bi ( 7y)% 1
]é(.’E,y) = Z L 7.2 j
Ul 10 S0 (e bi (2:9) M
,stij (z,y) + O(dn) 1

- 3

7.2 Eij
U}, (z,y) klﬂ ZU’ (z,y) w( y) + 0(5,) ki

nbij
= Z( 3 (y)( )+0(5n)) k—lgaij

k10 ZU/ (z,y)

Uy, (z,y)
bij(z,y 1
= Z —J( = ) Eijer Z O(5n)€¢j
Ul (my) 200 () Did (T3 Y) e,
- 0 (loi(”)) +0(5,), as. (S.19)
1

In the second equation of (S.19), we have used (S.17) and the results that By (z,y) =
~ ~ ~ s1+s2+2
O(k§/n4)v B2(x’y> = O(kz/n?))v B3(9c,y) = O(k’lr/ng)v and ts, s, (xvy) =0 (kqlzﬁm)?
for s1,s2 =0, 1. The fifth equation is a direct conclusion of Proposition 2 in Qiu (2009),
since b;;(z,y) is deterministic. Now, for any given point (z,y) such that dg((z,y), S) >
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k1/n, Ol (z,y) does not contain any step edge. By (S.9) and (S.13), we have

61 oy Vi (@ ) H{f H (i, ;)
520, (o) bia (2:9)
Y61 oy bid (@ ) (f (@ + i/, y + j/n) + O(Ru/n))
526 ey b1 (2,9)

(S.20)

_ Bl(fyy) Z (f(z,y) + O(k1/n)O(Rn/n))K* (ki’ki> L*(ngg]’/kl)
|A‘ U}, (=,y) s
+ BEY S (1a0) 4 0tk ) + 0 K (L) 1 )
|A\ o n 1 K1
(z 1/n n l : L L “(nd; L
+ w ;j ) + O(ks/n) + O(Ra/m) L K (k,kl)ﬂdu/k)

= flzy) + Ok /n)+0(R /n),

_where |A|~: too(, y)tao(x, y)t:m(z, y)+ 260z, y)tor (2, y)t1 (2, y)— to1 (z, 9) ta0(z, y)—
t11(z,y)? too(x,y)— tio(x,y)%*to2(x,y). In the second equation of (S.20), we have used
(S.13) and the fact f has umforrnly bounded directional derivatives. In the last equation,
we have used the result that |A| Bi(z,y)too(z,y) + Ba(x, y)tlo(ac y)+ Bs(z, y)tm(x Y)
and that By(z,y) = O(k%/n%), By(x,y) = O(kT/n®), Bs(z,y) = O(kI/n3), |A|

k51+52+2

O(k1%/n*), te 5o (2,y) = O [ Lo~ ), for 51,50 = 0, 1. All these results can be proved

similarly to the result (23) in Proposition 2 of Qiu (2009). After combining (S.16), (S.18),
(S.19) and (S.20), we have

ai(z,y) = f(z,y) + Ok /n) + O(Rn/n) + O (10%”)) +0(5,), a.s. (S.21)

Similarly, we have

@ (z,y) = f(z,y) + O(k1/n) + O(Rn/n) + O (loi(l")) +0(5,), as. (8.22)

From the proof of (S.5) and (S.6) in Lemma 1 , we know that

6n = O(Ry/k1) + O(k1/n) + O <”1f;€g2(n)> Cas
1

Thus,

Ay (z,y) —a_(z,y) = O(Rn/k1) + O(k1 /n) + O (”k;f;”)) , a.s. (S.23)
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Also, by using similar arguments to those in (S.17) and the fact that E’j(ﬂc,y) =
O(k1%/n8), we have

LI
U@ b (2. ) _ WEEE DU (@) b3 (x,y)

, bii(z,y)2 k1O 2
D0 () bis (2, 9)] [TF S0 o) bij(x,y)]

e (B Sy B (2 9) + O(00))
I (km S gy B 29) + 0650 )|
1 @ 201 (29) bij (@,y) + O(6n)

k‘% n4 ~ 2
[T 220 () Lid () + O(%)}

2

8 ~
B 2201 (ay) bfj (z,y)

5 S0y 0 Bis(@:9)]

1
2 5 +0(0,) ¢, as.

Then, it follows that

! (x b12 T,y /(2 bz2 x,y 1
ZUR( Y) ]( )2 " ZVn( Y) ]( )2 _0 (> Cas. (5.24)
[ZU{L(w,y) bij (‘Ta y)] [ZV/L (z,y) bij (IE, y)] kq
Hence, by (S.23) and (S.24), we have
MY (2, y) k3 nlog(n)
M &Y -, nlog(m)y - 5
28— Oy ) +0 (1) +0 () s (5.25)

Now, consider any given nonsingular point (z,y) on a step edge. Then, the related step
edge has a unique tangent line at (z,y). Also, without loss of generality, we can assume
that the step edge is a straight line in O/, (x,y). Suppose the step edge separates O, (x,y)
into two halves, denoted by Oy, ;(z,y) and Oy, 2(z,y), respectively. Then, it follows from

(5.7) in Lemma 1 that U:z(% y) = O;, 1(2,y). By the same arguments as those in (S.20),
we have N
20, (e bia (@ D H S} (@i,9)
Zﬁh(a),y) le (.’L', y)

where fy(z,y) denotes the limit of f(u,v) as (u,v) approaching (z,y) from U, (z,y).
Similar to (S.21) and (S.22), we have

= f+(2,9) + O(k1/n) + O(Rn/n),

Qs (z,9) = fi(z,y) + O(Rn/k1) + O(k1/n) + O (”fé(@) s

@ (2,y) = f-(2,y) + O(Rn/ky) + O(k1 /n) + O (nlok%g%(n)) o
Hence,

Ml _ g (el GOy o (Ra) 40 (A1) +0 (282), s (8.26)

Unp Un kiun



BLIND IMAGE DEBLURRING S12

where f_(z,y) is defined similarly to f, (z,y). It follows from (S.25) and (S.26) that the
proposed step edge detection procedure (6) could detect all points in SN Q, N J s ky .,
and all points whose Euclidean distances to S are greater than k;/n would not be

detected. So, when n is sufficiently large, S N Qg », N j57k,n is included in §n, and §n
is included in the band of S with width ky/n. Thus, the result (i) in Theorem 3.1 is
proved. For roof/valley edge detection, results parallel to Lemma 1, (S.25) and (S.26)
can be derived in a similar way. Therefore, the result (ii) in Theorem 3.1 is also valid.

Proof Of Theorem 3.2

For a point (z,y) € Q,\(SURV), by Theorem 3.1, we know that, when n is
large enough, there would be no detected step or roof/valley edge points in O, (x,y).

o~

Therefore, f(x,y) is defined by (11) in such cases, and

E(fe.y) - Dy wg(i Ziijﬁj(zfmjryﬁ)/n, y+3j/n)
Dy jeeie Wi (@, Y)[f(x +i/n,y + j/n) + O(R, /n)]
Zi2+j2§k2 wij(w,y)
S o Wi, ) (,9) + O(k/m) + O(Ra/m)]
iz j2<k2 Wij (2, Y)
= f(z,y) + O(k/n) + O(R,/n). (5.27)

In the second equation of (S.27), the result (S.9) has been used. In the third equation,
we have used the property that f has continuous first-order derivatives in O, (z,y).
Therefore, for any (x;,y;) € On(x,y), there is a constant C7 > 0 such that |f(x;,y;) —
f(z,y)] < Cik/n. On the other hand, by similar results to (S.10) and by the fact that
Tsysy = O(K51752F2 Ipsits2) for g1 59 = 0, 1,2, we have

~ ~

f(z,y) — E(f(z,v)) (S.28)
Doz g2 <k Wig (T, Y)ei;
Z¢2+j2gk2 wij (z,y)
Al(mvy) Zi2+j2§k2 ei; K (17 %) + AQ(xa y) Zi2+]’2gk2 E’LJ(l/n)K (%7 %)
Ax(z,y)roo + Az(z, y)r10 + As(z,y)ro1
As(z,y) Zi2+j2§k2 €ij(3/n)K (%7 %)
Ai(z,y)roo + A2(x,y)r10 + As(x, y)ro1

In the last equation, we have used (S.10) and the facts that A;(x,y) = rao(z, y)ro2(z, y)
—ru(z,y) rulz,y) = O(k%/n?), Az(z,y) = O(K"/n?), and Az(z,y) = O(k"/n®). Then,
the result (i) of the theorem follows from (S.27) and (S.28).

Now, let us consider a point (x,y) € S\Js. In such cases, from Theorem 3.1, we
know that all design points in SO, (z,y) would be detected as step edge points by the
procedure (6) and all design points outside Sk, n(2,y) = Sk, .n [ On(z,y) would not be
detected. Because (z,y) is not a singular point, S has a tangent line at (x,y). Without
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loss of generality, we assume that S is a straight line with slope v # oo. Then, all
detected step edge points in O, (z,y) (i.e., {(w;,v;),l =1,2,...,m}) have the expression

v —y=vw —z)+ O(k1/n),a.s., forl=1,2,...,m. (5.29)

So, by the results (B.1) and (B.2) in Qiu (1998), it is easy to check that o, = Youw +
O(k1/n), 0py = Y?0ww+O(k1/n), and the slope of the fitted PC line is 0y, /(Tww + A1) =
v+ O(k1/n),a.s.. By (S.29), we also know that (w,v) converges to (z,y) almost surely
with the rate O(ky/n). Let U, (z,y) be the part of O, (z,y) that is separated by S and
contains (x,y), then Uy, (z,y) \ Sk, .n = Up(z,y) \ Sk, .n since the fitted PC line would be
contained in Sk, ,, when n is sufficiently large. And, without loss of generality, we can
assume that f(z,y) equals the limit of f(u,v) as (u,v) approaches (z,y) from U, (z,y).
Let czj be the Euclidean distance from (;,y;) to S. Then, by (9), we have
> zyﬁijx, H z+i/n,y+j/n

o

Soutean TN H/nti/n) | ¢ ()

Un (z,y) wij (z,y) &

St K(%%)L(fm) S s (4wt o) dude
Zﬁnwﬂ/)K(%’%)L(’fﬁL)
S0 K(i’%)L(%) b M)

Soncn(64)1(£)
1O (£) + 0 (men) 1 0 (h)

fo fl K(s,t) dt L(s) f“>g (;; - h(w,viz,y) dudv ds

= [flz,y) = Clz,y) ST K(s, t) dt L(s) ds
+0 () +0(%).
In the first equation of (S.30), we have used the result that
T(Un(@,9) [ ) Ska,n(@,9)/ T (On(,y)) = Oka /), (S.31)

where T (O, (z,y)) denotes the area of O, (x,y), the condition that H{f}(x;,y;) is uni-
formly bounded, and the following fact:

£0(%)

= f(x,y)fC'(:L’,y)

if f—z = O(aw), g;‘ =O(an), 2= =T, and an — 0, then é"ig" = A” -+ O(am),

where {A,}, {Bn}, {C.} and {Dn} are sequences of numbers , and I' is a constant.
Now, by similar arguments to those in (S.19), we can check that

i d;i
2 Un () K(4.4)L (m) Eij
i dj
v K () L (m)

Zﬁn(w,y)\skl,n K( %)L(k/n+d](ﬁy>>€n n XU (@) N Spy n K(%,

i 2z

k> k

a; —
Zon G K(% %)L<k/n+d]<m,y>) Svp e K(£:F)

(S.32)

d;;
)L(k/nT»?dJi(:l;,y) )Eij

iz
k/n+d(z,y)

~ | =k

S13
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ZU,L (@9)\Sk; n K (4, %) L (k/n) €ij ZU,L(ac W\Sky n K (% i) o (kkl ) €ij
ZUn(z,y) K %7% L (k n+d(x y)) ZUn(av,y) K l’% L (k/n+d(:v y))

S e K (5 D) L (et ) 2o

Svnen K (D) L (i)

Zﬁnm,w\skl n K(%’%)L<gﬂ>5”

Zoute sy S () 7008 B s KD 5 )

20 (2 9)\Sk; n K<%’%>O<%>E”
,%)L(:/n)+k2o<%>+zun(1 NSk n K( 3
) e (i )=
L) 4120 () + S5y (%%)L<%+Z(Jzy)>

I
Y
Eal
N—
™
<
IS

20 (2 \Sk; n K(

Rl

Lun e, UL (

VA
0 (2 \Sky K (k k) (

(0] (log(n)) + 0 ( ) . a.s.

In the first equation of (S.32), we have used the fact that U, (z,y) \ Sk,.n = Un () \
Sky,n- In the second and third equations, the Lipschitz-1 continuity of L has been used.
In the fourth equation, we have used the fact that

! iJ dij k1
) K(-,2)|L[—2—)=0(-—
2 Z < ) ) ( ) ( ) ,
K Un (z,9) N Sky,n k' k k/n+ d(l’,y) k
which follows from (S.31), the result that

b, 2 <)o ()

Un (2,9)\Sky ,n

derived from Proposition 2 in Qiu (2009), and the obvious result that

/712~ 3 K(%%) (k/n> //TK L(r sin o)dipdr,

Un(zay)\skl,n

where K (r) = K(r cos ¢, rsin ).

Finally, we consider the case when (z,y) € RV\Jgy. From the above arguments,
we can check that (S.30) and (S.32) still hold after we replace the detected step edge
points by the detected roof/valley edge points. Therefore, the results (ii) and (iii) of the
theorem are valid.

S.3 Some Simulation Results

In this part, we present two artificial numerical examples concerning the numerical per-
formance of the proposed BID procedure (8)—(11). The kernel functions K* and K
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used in (3), (S.1) and (12) are both chosen to be the truncated Gaussian density func-
tions, i.e., 1/(2m — 3mexp(—0.5)) [exp(—(z? + y?)/2) — exp(—0.5)][,242<1, the ker-
nel functions L* and L used in (4), (5), (S.2), (S.3) and (12) are both chosen to be
1/1.194958 exp(22/2) Ip<x<1, which is proportional to the reciprocal of the 1-D trun-
cated Gaussian density function, w in (16) and w in (17) are both fixed at 0.5, and B
in (16) and (17) is chosen to be 100. Degraded images are generated from model (2), in
which the psf is chosen to be

b, vz )_§ - Vu2 + 02 I
,UO0,Y) = - 7,,n(x,,y)/n \/U2+’U2S""n(ray)/n7

and the additive random errors ¢;; follow the distribution N(0,02). The above psf is
circularly symmetric with the blurring extent r,(x, y) which may depend on (z,y). Let
pn(2,y) = rn(z,y)/n denote the blurring-extent-to-sample-size ratio (BSR) at (z,y).
We first consider the following true image intensity functions:

frlany) = 1—(x—0.5)%—(y—05)2, if (x —0.5)2+ (y — 0.5)% < 0.252,
nhY) = —(z —0.5)2 — (y — 0.5)2, otherwise.

It is shown in Figure S.1 by a 3-D plot, from which it can be seen that f; has one

1

!

Y 0.0 0.0 X

Figure S.1: A 3-D plot of fi(z,y).

circular step edge and it does not have any roof/valley edges. Figure S.2(a) shows the
original true image of fi, and Figure S.2(b) shows an observed image when o = 0.1,

PV (z,y) = 0.03(1 — (z — 0.5)2 — (y — 0.5)2) + 0.02, and n = 100. The detected step
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edges are shown in Figure S.2(c). Finally, the deblurred image is displayed in Figure
S.2(d). The parameters k1, u,, and k are selected to be 8,4.9 and 4, respectively, in this
example. It can be seen from the figure that, in the deblurred image, the noise has been
mostly removed and the spatial blur has also been significantly reduced, which confirms
our theoretical justification discussed in the previous section.

(a) (b)

(c) (d)

Figure S.2: (a): True image; (b): Observed image; (c): Detected step edges; (d): De-
blurred image.

Next, the performance of our proposed method is measured quantitatively. We
consider two BSR functions p& (z,y) = 0.03(1 — (z — 0.5)2 — (y — 0.5)2) + 0.02 and
pg) (z,y) = 0.05z, two sample sizes n = 100 and 200, and three o values 0.05, 0.1 and 0.2.
Simulation results based on 100 replications are presented in Table S.1. In the simulation,
for each combination of p,(x,y), n, and o, the parameters (k1,u,) and k are chosen
sequentially by minimizing the averaged values of dQ(:S’\n,S; k1, u,) and MSE(fA7 f) =
# P Z?zl(f(:z:i,yj) — f(zi,y;))?, respectively. Such parameter values are called
optimal ones hereafter. Parameters chosen by our proposed bootstrap procedures (16)
and (17) are also presented in the table. From the table, it can be seen that (i) MSE(f, f)

S16
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increases as o increases, and decreases as n increases, and (ii) parameters chosen via our
proposed bootstrap procedure are quite close to their optimal ones, and this is true
especially when the sample size gets large, with the optimal values of k1 and u,, slightly
smaller than their values chosen by the bootstrap procedure.

Table S.1: Simulation results of the BID procedure (8)—(11) in the example of Figure
S.2 based on 100 replications. In each entry, the first line presents the optimal values of
k1/n, u, and k/n, the second line presents their values chosen by the proposed bootstrap
procedure with B = 100, the third line presents the value of dg (§n, S; k1, un), and the
fourth line presents the value of MSE(, f).

o p%l)(x,ly) ,
n g =. g =. g =.
(0.07, 6.2, 0.04) (0.08, 4.9, 0.04) (0.09, 3.7, 0.05)
(0.08, 7.8, 0.02) (0.10, 8.6, 0.03) (0.12, 4.8, 0.08)
1.07 x 102 1.37 x 1072 1.62 x 1072
100 5.44 x 1073 6.23 x 1073 8.44 x 1073
(0.06, 8.6, 0.04) (0.08, 9.5, 0.035) (0.105, 10.0, 0.035)
(0.06, 8.5, 0.02) (0.09, 9.8, 0.02) (0.11, 10.2, 0.03)
500 0.785 x 102 0.980 x 10j2 1.12 x 1oj2
5.33 x 1073 6.02 x 1073 7.54 x 1073
@)
Pn (x, y)
n o =.05 oc=.1 o=.2
(0.08, 13.1, 0.02) (0.08, 6.5, 0.03) (0.09, 4.7, 0.04)
(0.10, 16.1, 0.07) (0.10, 8.0, 0.08) (0.11, 5.7, 0.08)
100 1.15 x 10{2 1.03 x 10j2 1.15 x 1oj2
3.99 x 1073 4.72 x 1073 6.05 x 1073
(0.065, 19.5, 0.03) (0.065, 9.6, 0.03) (0.07, 5.9, 0.03)
(0.065, 20.7, 0.03) (0.075, 9.2, 0.055) (0.08, 5.1, 0.06)
500 0.73 x 102 0.84 x 102 0.88 x 1072
3.32x 1073 3.56 x 1073 414 x 1073

Next, we consider another example with the following true image intensity function:

0, ifx <0.5andy > 0.5

1, if x > 0.5 and y > 0.5
folz,y) = 3, if x > 0.5 and y < 0.5

-1 if x <0.25and y <0.5

16(z — 0.25) —1, if0.25 < <0.5and y < 0.5.

The surface of fy is shown in Figure S.3(a), from which it can be seen that f; has
several step edge segments and two roof/valley edge segments at (x = 0.25,y < 0.5) and
(x = 0.5,y < 0.5). Figure S.3(b) shows a 3-D plot of an observed surface in the case
when ,053)(37, y) = 0.052, 0 = 0.2, and n = 100. Figure S.3(c) shows the deblurred surface
by our BID procedure, using the corresponding parameter values presented in Table S.2.
The observed surface of fo is then shown as an image in Figure S.3(d). The detected
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edge segments are shown in Figure S.3(e), in which step edges are shown in black and
roof /valley edges are shown in gray. Finally, the deblurred image by our proposed BID
procedure is shown in Figure S.3(f). From the figure, it can be seen that (i) spatial
blur gets severer as x gets larger in the observed image, (ii) the pointwise noise and the
spatial blur are well removed in the deblurred image by the BID procedure (8)—(11), (iii)
both step edges and roof/valley edges have been detected successfully except at places
around certain singular points (cf., Section 3 for their definition).

(e) M)

Figure S.3: (a)-(c): 3-D plots of the true surface, observed surface, and deblurred sur-
face of fa(x,y); (d)-(f): Observed image, detected step edge segments (black lines) and
detected roof/valley edge segments (gray lines), and deblurred image.

Some numerical results in a similar setup to that of Table S.1 are presented in
Table S.2. From the table, it can be seen that (i) values of dg(S,,S), do(RV,, RV)
and MSE(]?, f) increase as the noisy level o increases, and decrease as the sample size n
increases, (ii) the value of the bandwidth k/n chosen by the bootstrap procedure (17) is
close to its optimal value, and (iii) as the observed image gets noisier (i.e., o is larger),
the bandwidths k;, kg, k and kZ should generally be chosen larger, which is intuitively
reasonable because more observations should be used in local smoothing to remove noise
in such cases.

S18
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S.3 based on 100 replications. In each entry, the first line presents the optimal values of

k1/n and u,,, the second line presents the dg value of the detected step edges, the third

line presents the optimal values of k2/n and v, the fourth line present the dg value of

the detected roof/valley edges, the fifth line presents the values of k/n and k®/n, and

the sixth line presents the value of MSE(J?, 1)

(1)

Pn (:C,y)
n o=.1 o=.2 oc=.3
(0.13, 11.1) (0.18, 13.1) (0.18, 9.0)
5.085 x 1073 8.103 x 10~3 9.591 x 10~3
100 (0.09, 4.3) (0.10, 2.8) (0.11, 2.9)
4.935 x 1073 8.282 x 1073 9.998 x 10~3
(0.04, 0.04) (0.05, 0.06) (0.05, 0.06)
9.199 x 10~3 11.21 x 1073 13.01 x 1073
(0.11, 18.0) (0.13, 10.7) (0.17, 16.0)
3.124 x 1073 4.357 x 1073 4.546 x 1073
200 (0.085, 7.8) (0.105, 7.5) (0.105, 5.0)
2.668 x 1073 5.958 x 10~3 6.815 x 10~3
(0.045, 0.025) (0.035, 0.035) (0.05, 0.045)
9.181 x 1073 9.349 x 1073 10.53 x 1073
o (e, y)
n o=.1 o=.2 oc=.3
(0.11, 15.2) (0.12, 9.0) (0.12, 6.1)
3.143 x 1073 4.340 x 1073 6.026 x 1073
100 (0.10, 5.9) (0.10, 3.0) (0.10, 2.0)
3.581 x 1073 6.815 x 1073 9.193 x 1073
(0.04, 0.04) (0.05, 0.06) (0.05, 0.08)
4.852 x 1073 6.689 x 1073 7.989 x 1073
(0.085, 23.0) (0.115, 16.2) (0.115, 10.9)
1.589 x 1073 2.375 x 1073 2913 x 1073
200 (0.095, 11.1) (0.105, 8.0) (0.11, 6.0)
1.713 x 1073 3.453 x 1073 4.234 x 1073
(0.045, 0.045) (0.05, 0.055) (0.05, 0.055)
4.255 x 1073 5.721 x 1073 6.118 x 1073
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