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Abstract

To save some space in the paper with the above title, the proofs of the theorems are
presented in this supplementary file.

PROOF OF THEOREM 1

For simplicity of expression, we use yij and "ij to denote y(ti, sij) and "(ti, sij), respectively. At a given point (t, s) ∈ [0, 1] ×Ω,
from (4), we have

�̂(t, s) = eT1 (X
TW0X)−1XTW0Y

= eT1 (X
TW0X)−1XTW0� + eT1 (X

TW0X)−1XTW0"
= Π1 + Π2,

(A.1)

where � = E(Y) and " = ("11,… , "1m1 ,… , "nmn)
T . For Π1, by the Taylor’s expansion, it can be shown that

Π1 = eT1 (X
TW0X)−1XTW0(X� +) = �(t, s) + Π3, (A.2)

where � = (�(t, s), )�(t, s)∕)t, )�(t, s)∕)s)T ,  = (r11,… , r1m1 ,… , rnmn)
T , rij = ((ti − t), (sij − s)T ) (t′ij , s

′
ij)((ti − t), (sij −

s)T )T , is the Hessian matrix of �(t, s), and t′ij ∈ [0, 1], s
′
ij ∈ Ω, for j = 1,… , mi, i = 1,… , n. From (A.1) and (A.2), we have

�̂(t, s) = �(t, s) + Π2 + Π3. For Π2, it can be checked that

Π2 = eT1 (X
TW0X)−1XTW0"

= eT1 ((m, n)X
TW0X)−1(m, n)XTW0"

= eT1 A−1(t, s)B(t, s),
(A.3)

where(m, n) = (nℎ1mℎ22f (s))
−1, A(t, s) = (n, m)XTW0X is a 4×4matrix and B(t, s) = (n, m)XTW0" is a vector of length

4. Next, we consider the first element of the vector B(t, s), i.e.,

B1(t, s) = (nℎ1)−1
n
∑

i=1
K1

(

(ti − t)∕ℎ1
)

"i(s), (A.4)

where "i(s) = {mℎ22f (s)}
−1∑mi

j=1K2
(

dE(sij , s)∕ℎ2
)

"ij . We will show below that B1(t, s) = Op(ℎ21 + ℎ
2
2 + {1∕(nℎ1)}

1∕2).
For the variance of B1(t, s) defined in (A.4), it is clear that

Var
(

B1(t, s)
)

= {nℎ1}−2
n
∑

i=1

n
∑

k=1
K1

(

(ti − t)∕ℎ1
)

K1
(

(tk − t)∕ℎ1
)

Cov
(

"i(s), "k(s)
)

. (A.5)
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To calculate the covariance Cov
(

"i(s), "k(s)
)

, let � be the �-algebra generated by {sij , j = 1,… , mi, i = 1,… , n}. Given any
possible values of  = {sij , j = 1,… , mi, i = 1,… , n}, by the Davydov’s inequality, it can be checked that

E
(

"i(s)"k(s)|
)

={mℎ22f (s)}
−2

mi
∑

j=1

mk
∑

l=1
K2

(dE(sij , s)
ℎ2

)

K2

(

dE(skl, s)
ℎ2

)

Cov("ij , "ij)

≤12{mℎ22f (s)}
−2C2∕�" C (�−2)∕�0

mi
∑

j=1

mk
∑

l=1
K2

(dE(sij , s)
ℎ2

)

K2

(

dE(skl, s)
ℎ2

)

× exp
{

−
C1(� − 2)

�
|k − i|

}

=D2(s) exp
{

−
C1(� − 2)

�
|k − i|

}

× O(1),

(A.6)

where D(s) = max1≤i≤nDi(s) and Di(s) = {mℎ22f (s)}
−1∑mi

j=1K2
(

dE(sij , s)∕ℎ2
)

. Denote Cmin = min1≤i≤n mi∕m and Cmax =
max1≤i≤n mi∕m. Note that the random variable Di(s) is nonnegative, by the Bernstein’s inequality, it can be shown that

E
(

D(s)2
)

= E
[

(

max
1≤i≤n

Di(s)
)2
]

=E
[

max
1≤i≤n

D2
i (s)

]

≤
∞
∑

k=0
(k + 1)Pr

(

max
1≤i≤n

D2
i (s) ≥ k

)

≤1 + n
∞
∑

k=1
(k + 1) max

1≤i≤n
Pr
(

Di(s) ≥
√

k
)

≤1 + n
∞
∑

k=1
(k + 1) exp

{

−mℎ22
(

Cmin
(
√

k − Cmax
))}

=O(1) + O(1) ×
∞
∑

k=1
(k + 1) exp

{

−mℎ22
(

Cmin
(
√

k − Cmax
)

− 1
)}

= O(1).

(A.7)

It follows from (A.6) and (A.7) that
Cov

(

"i(s), "k(s)
)

= E
[

E
(

"i(s)"k(s)|
)]

=E
(

D2(s)
)

exp
{

−
C1(� − 2)

�
|k − i|

}

× O(1)

= exp
{

−
C1(� − 2)

�
|k − i|

}

× O(1).

(A.8)

Then by (A.5), we have

Var(B1(t, s)) =O(1) × {nℎ1}−2
n
∑

i=1

n
∑

k=1
K1

(

(ti − t)∕ℎ1
)

K1
(

(tk − t)∕ℎ1
)

exp
{

−
C1(� − 2)

�
|k − i|

}

=O(1) × {nℎ1}−2
n
∑

i=1

∞
∑

�=0
K1

(

(ti − t)∕ℎ1
)

exp
{

−
C1(� − 2)

�
�
}

=O(1) × {nℎ1}−1
∞
∑

�=0
exp

{

−
C1(� − 2)

�
�
}

= O(1∕(nℎ1)).

(A.9)

Note that E(B1(t, s)) = 0, we have

B1(t, s) = Op({1∕(nℎ1)}1∕2) = Op(�(n, m)), (A.10)

where �(n, m) = ℎ21 + ℎ22 + {1∕(nℎ1)}1∕2. After defining �∗(n, m) = �(n, m) + {1∕(mℎ22)}
1∕2 and �2(K) =

diag{�21(K), �22(K), �22(K)}, where �21(K) = ∫ x2K1(x)dx, �22(K) = ∫ u21K2(dE(u, 0))du, and u = (u1, u2)T . It can be
shown similarly that

A(t, s) =
(

a + Op(�∗(n, m)) 1THOp(�∗(n, m))
H1Op(�∗(n, m)) C(1 + Op(�∗(n, m)))

)

, and

B(t, s) =
(

Op(�(n, m))
H1Op(�(n, m))

)

,
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where a ∈ [Cmin, Cmax], and all elements of the 3×3matrix C are in the same order of the corresponding elements ofH2�2(K)
1 = (1, 1, 1)T andH = diag{ℎ1, ℎ2, ℎ2}. It follows that

Π2 = eT1A
−1(t, s)B(t, s) = Op(�(n, m)). (A.11)

By using similar arguments, we have Π3 = Op(�(n, m)). By combining this result with (A.1), (A.2) and (A.11), the result in (11)
of the paper is true.

PROOF OF THEOREM 2

From (A.1)-(A.3), we have �̂(t, s) = �(t, s) + Π2 + Π3, where Π2 = eT1 A−1(t, s)B(t, s), and A−1(t, s) and B(t, s) are defined
in the proof of Theorem 1. Next we will show that B1(t, s) = Op(a(n, m)) uniformly for (t, s) ∈ [0, 1] × Ω, where a(n, m) =
{log2(n)∕(nℎ21)}

1∕2.
First, note that the spatial location of interest Ω is bounded, then it is clear that [0, 1] × Ω can be covered by N∗ =

O({a(n, m)ℎ1}−3) regions {Rl, l = 1, ..., Ñ}, where Rl = {(t, s) ∶ |t − t∗l | ≤ a(n, m)ℎ1, dE(s, s∗l ) ≤ a(n, m)ℎ1} and
{(t∗l , s

∗
l ), l = 1,… , N∗} are the centroids of the N∗ regions. Since both kernel functions K1(x) and K2(x) are Lipschitz-1 con-

tinuous, let 0 < LK < ∞ be their Lipschitz constant. Because it is assumed that ℎ1∕ℎ2 = O(1), we can find some constant
C2 > 0 such that ℎ1 ≤ C2ℎ2. Define CK = supx∈ℝ{K1(x), K2(x)}. Then, for any (t, s) ∈ Rl and a sufficiently large n, we have

|

|

|

|

|

K1

(

ti − t
ℎ1

)

K2

(dE(sij , s)
ℎ2

)

− K1

( ti − t∗l
ℎ1

)

K2

(dE(sij , s∗l )
ℎ2

)

|

|

|

|

|

≤CKLKℎ−11
{

|t − t∗l | + C2dE(s, s
∗
l )
}

I
(

|ti − t∗l |
ℎ1

≤ 2L1
)

I
(dE(sij , s∗l )

ℎ2
≤ 2L2

)

,
(A.12)

where [−L1, L1] and [−L2, L2] are the finite supports for K1(x) and K2(x), respectively. Define K̃1(x) = 1∕(2L1)I(|x| ≤ 2L1)
and K̃2(x) = 1∕(4�L22)I(|x| ≤ 2L2). Then, by (A.12), there exists a constant C3 > 0 such that

|

|

|

|

|

K1

(

ti − t
ℎ1

)

K2

(dE(sij , s)
ℎ2

)

− K1

( ti − t∗l
ℎ1

)

K2

(dE(sij , s∗l )
ℎ2

)

|

|

|

|

|

≤C3a(m, n)K̃1
( ti − t∗l

ℎ1

)

K̃2

(dE(sij , s∗l )
ℎ2

)

.
(A.13)

Define

B̃1(t, s) ={nmℎ1ℎ22f (s)}
−1

n
∑

i=1

mi
∑

j=1
K̃1

(

(ti − t)∕ℎ1
)

K̃2
(

dE(sij , s)∕ℎ2
)

|"ij|.

Since K̃1(⋅) and K̃2(⋅) satisfy the assumptions about the kernel function in Theorem 1, it can be checked that

E
(

B̃1(t, s)
)

≤ C1∕�"

(

1 + O(ℎ22 + 1∕(nℎ1))
)

<∞,

where � and C" are defined in Theorem 1. Based on the result in (A.13), it can be checked that

sup
(t,s)∈Rl

|

|

B1(t, s) − E{B1(t, s)}|| ≤ |

|

B1(t∗l , s
∗
l ) − E{B1(t

∗
l , s

∗
l )}|| + C3a(n, m)

[

B̃1(t∗l , s
∗
l ) + E{B̃1(t

∗
l , s

∗
l )}

]

≤ |

|

B1(t∗l , s
∗
l ) − E{B1(t

∗
l , s

∗
l )}|| + C3a(n, m)

[

|B̃1(t∗l , s
∗
l ) − E{B̃1(t

∗
l , s

∗
l )}|

]

+ 2C3a(n, m)E{B̃1(t∗l , s
∗
l )}

≤ |

|

B1(t∗l , s
∗
l ) − E{B1(t

∗
l , s

∗
l )}|| + C3

[

|B̃1(t∗l , s
∗
l ) − E{B̃1(t

∗
l , s

∗
l )}|

]

+ 2C3a(n, m)T ,

(A.14)

where the final inequality is obtained because a(n, m) < 1 and T > E(B̃1(t, s)) when n, m and T are large enough. By (A.14), it
can be checked that

Pr
(

sup
(t,s)∈[0,1]×Ω

|B1(t, s) − E{B1(t, s)}| > (2 + 4C3)T a(n, m)
)

≤N∗ max
1≤l≤N∗

Pr
(

|B1(t∗l , s
∗
l ) − E{B1(t

∗
l , s

∗
l )}| > 2T a(n, m)

)

+N∗ max
1≤l≤N∗

Pr
(

|B̃1(t∗l , s
∗
l ) − E{B̃1(t

∗
l , s

∗
l )}| > 2T a(n, m)

)

.

(A.15)
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For the two parts on the right-hand side of (A.15), we can use similar arguments to find their upper bounds, because both
(K1(x), K2(x)) and (K̃1(x), K̃2(x)) satisfy the assumptions on the kernel functions given in Theorem 1.
Second, for any (t, s) ∈ [0, 1] × Ω, by the fact that E{B1(t, s)} = 0, we have

Pr
(

|B1(t, s) − E{B1(t, s)}| > 2T a(n, m)
)

= Pr
(

|B1(t, s)| > 2T a(n, m)
)

. (A.16)

Next, we replace "i(s) in B1(t, s) by its truncated version "i(s)I(|"i(s)| ≤ 'n), and evaluate the error caused by this truncation,
where 'n = {n∕ log(n)2}1∕2 and "i(s) is defined in (A.4). Based on the assumption that E|"(ti, sij)|� ≤ C" for some � > 5 and
all (i, j), it can be checked that E

(

|"i(s)|5
)

≤ Θ0, for some constant Θ0 > 0. Define

TR(t, s) = 1
nℎ1

n
∑

i=1
K1

(

(ti − t)∕ℎ1
)

"i(s)I
(

|"i(s)| > 'n
)

,

then we have

E (|TR(t, s)|) ≤ 1
nℎ1

n
∑

i=1
K1

(

(ti − t)∕ℎ1
)

E
{

|"i(s)|I
(

|"i(s)| > 'n
)}

≤
Θ0
nℎ1

n
∑

i=1
K1

(

(ti − t)∕ℎ1
)

'−4n = O('−4n ).
(A.17)

By the Markov’s inequality, it is clear that |TR(t, s) − E (TR(t, s))| = Op('−4n ), for any (t, s) ∈ [0, 1] × Ω.
Let "̃i(t, s) = "i(s)I(|"i(s)| ≤ 'n)K1((ti − t)∕ℎ1), Zi(t, s) = "̃i(t, s) − E{"̃i(t, s)} and B∗1(t, s) = B1(t, s) − TR(t, s). It can be

checked that B∗1(t, s) − E{B
∗
1(t, s)} = (nℎ1)

−1∑n
i=1Zi(t, s), for (t, s) ∈ [0, 1] × Ω. Given any possible values of  = {sij , j =

1,… , mi, i = 1,… , n}, we have |Zi(t, s)| ≤ 2CK'n, and for any positive integer L ≤ n, it can be checked that

E
[

L
∑

i=1
Zi(t, s)2 ∣ �

]

≤ Θ1LD(s)2,

for some constant Θ1 > 0, where � is the �-algebra generated by the spatial locations  = {s11,… , snmn}, D(s) =
max1≤i≤nDi(s), and Di(s) = (mℎ22f (s))

−1∑mi
j=1K2(dE(sij , s)∕ℎ2). Note that {sij , j = 1,… , mi, i = 1,… , n} are independent

of the random errors {"11,… , "nmn}. So, for given {sij , j = 1,… , mi, i = 1, ..., n}, {Zi(t, s), i = 1,… , n} is a strong mixing
sequence with the strong mixing coefficient {�̃(k), k = 0, 1,…}, and �̃(k) ≤ �(k), for k ≥ 1. Let Ln be an integer closest
to {T 1∕2 log(n)}∕(10CK ). Then, we have nℎ1a(n, m)T > 8CKLn'n when n is large. By Theorem 2.1 in Liebscher (1996), for
1 ≤ l ≤ N∗, it can be shown that

Pr
(

|B∗1(t
∗
l , s

∗
l ) − E(B

∗
1(t

∗
l , s

∗
l ))| > a(n, m)T ∣ �

)

≤4 exp
(

−
T 2 log(n)

64Θ1D(s)2 + T 3∕2

)

+
40nC0CK
T 1∕2 log(n)

exp
(

−
C1T 1∕2 log(n)

10CK

)

,
(A.18)

when log(n) > 1. Note that the second term on the right-hand side of (A.18) is independent of the choice of {sij , j = 1,… , mi, i =
1, ..., n}. Then, by the Bernstein’s inequality, we have

Pr
(

|B∗1(t
∗
l , s

∗
l ) − E(B

∗
1(t

∗
l , s

∗
l ))| > a(n, m)T

)

≤E
{

4 exp
(

−
T 2 log(n)

64Θ1D(s)2 + T 3∕2

)

I(D(s) ≤ CmaxT
1∕2)

}

+ 4Pr
(

D(s) > CmaxT 1∕2
)

+
40nCK

T 1∕2 log(n)
exp

(

−
C1T 1∕2 log(n)

10CK

)

=4 exp
(

−
T 2 log(n)

64Θ1C2maxT + T 3∕2

)

+ O
(

n exp
(

−mℎ22
(

CminT
1∕2 − 1

)))

+
40nCK

T 1∕2 log(n)
exp

(

−
C1T 1∕2 log(n)

10CK

)

,

(A.19)

where Cmax and Cmin are defined in the proof of Theorem 1. In addition, from (A.17), by the Markov’s inequality, we have

Pr
(

|TR(t∗l , s
∗
l ) − E{TR(t

∗
l , s

∗
l )}| > a(n, m)T

)

= O
(

{a(n, m)T'4n}
−1) . (A.20)
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Therefore, by combining (A.19) with (A.20), when T is large enough, we have

Pr
(

|B1(t∗l , s
∗
l ) − E(B1(t

∗
l , s

∗
l ))| > 2a(n, m)T

)

= O
(

{a(n, m)T'4n}
−1)

+ O
(

n−T 1∕2∕65
)

+ O
(

n exp
(

−mℎ22
(

CminT
1∕2 − 1

)))

+ O
(

n exp
{

− log(n)
C1T 1∕2

10CK

})

.

(A.21)

By (A.15) and (A.21), it can be shown that, when T is large enough,

Pr
(

sup
(t,s)∈[0,1]×Ω

|B1(t, s) − E(B1(t, s))| > (2 + 4C3)T a(n, m)
)

=O
(

{a(n, m)4ℎ31T'
4
n}
−1) + O

(

a(n, m)−3ℎ−31 n
−T 1∕2∕65

)

+ O
(

a(n, m)−3ℎ−31 n exp{−mℎ
2
2
(

CminT
1∕2 − 1

)

}
)

+ O
(

a(n, m)−3ℎ−31 n exp
{

− log(n)
C1T 1∕2

20CK

})

= o(1).

(A.22)

Note that E(B1(t, s)) = 0. So, by (A.22), we have B1(t, s) = Op(a(n, m)), which is uniformly true for all (t, s) ∈ [0, 1] × Ω.
The vector of the remaining elements of B(t, s) can be proved in a similarly way to be of the order H1Op(a(n, m)), where
H = diag{ℎ1, ℎ2, ℎ2} and 1 = (1, 1, 1)T . Thus, we have

B(t, s) =
(

Op(a(n, m))
H1Op(a(n, m))

)

,

which are uniformly true for all (t, s) ∈ [0, 1] × Ω.
Next, we will study the properties of A(t, s). To this end, let b(n, m) = ℎ21 +ℎ

2
2 +{log(n)

2∕(nℎ21)}
1∕2, and b∗(n, m) = b(n, m) +

{log(m)∕(mℎ21)}
1∕2. Then, it can be shown by similar arguments to those for deriving (A.12)-(A.22) that

A(t, s) =
(

a + OP (b∗(n, m)) 1THOp(b∗(n, m))
H1Op(b∗(n, m)) C(1 + Op(b∗(n, m)))

)

,

where a ∈ [Cmin, Cmax], all elements of the 3 × 3 matrix C are in the same order of the corresponding elements of H2�2(K),
and �2(K) is defined in the proof of Theorem 1. By combining the above results, we have

Π2 = eT1 A(t, s)−1B(t, s) = Op(a(n, m)), (A.23)

which is uniformly true for all (t, s) ∈ [0, 1] × Ω. For Π3 defined in (A.2), in a similar way that we study the property of B(t, s),
it can be checked that

Π3 = Op
(

ℎ21 + ℎ
2
2
)

, (A.24)

which is uniformly true for all (t, s) ∈ [0, 1] × Ω. By combining the results in (A.1), (A.2), (A.23) and (A.24), the result (12) in
Theorem 2 has been proved.

PROOF OF THEOREM 3

First, we consider the convergence property of �̂2(t, s). Since

"̂ij − "ij =
(

yij − �̂(ti, sij)
)

−
(

yij − �(ti, sij)
)

= �(ti, sij) − �̂(ti, sij),

we know from Theorem 2 that "̂ij − "ij is bounded by a term of the order Op(b(n, m)) uniformly for all i and j. Then we have

�̂2(t, s) =

∑n
i=1

∑mi
j=1w1(i, j)"̂2ij

∑n
i=1

∑mi
j=1w1(i, j)

=

∑n
i=1

∑mi
j=1w1(i, j)"2ij

∑n
i=1

∑mi
j=1w1(i, j)

+ Op(b(n, m)) =∶ Π5∕Π4 + Op(b(n, m)),

(A.25)
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where Π4 = (nmℎ3ℎ24f (s))
−1∑n

i=1
∑mi
j=1w1(i, j) and Π5 = (nmℎ3ℎ24f (s))

−1∑n
i=1

∑mi
j=1w1(i, j)"2ij . Next, we will show that

Π5∕Π4 = �2(t, s) + Op(�̃(n, m)), where �̃(n, m) = ℎ23 + ℎ
2
4 + {nℎ3}

−1∕2. By a simple calculation, we have

E
(

Π5
)

= 1
nℎ3f (s)

n
∑

i=1

mi
m
K1

(

(ti − t)∕ℎ3
) [

�2(ti, s)f (s) + O(ℎ24)
]

= �2(t, s) 1
nℎ3

n
∑

i=1

mi
m
K1

(

(ti − t)∕ℎ3
)

+ O(�̃(n, m)).
(A.26)

By similar arguments to those in (A.6)-(A.9), it can be checked that Var(Π5) = O(1∕(nℎ3)). By combining this result with that
in (A.26), we have

Π5 = �2(t, s)
1
nℎ3

n
∑

i=1

mi
m
K1

(

(ti − t)∕ℎ3
)

+ Op(�̃(n, m)). (A.27)

Similarly, it can be shown that

Π4 =
1
nℎ3

n
∑

i=1

mi
m
K1

(

(ti − t)ℎ3
)

+ Op(�̃(n, m) + {mℎ24}
−1∕2), (A.28)

It follows from (A.25), (A.27) and (A.28) that the result in (13) of the paper is true.
Second, for any $ ≥ 0, s, s′ ∈ Ω, and t, t′ ∈ [0, 1] such that n(t′ − t) = $ + o(1), we consider the convergence property of

V̂ (t, t′; s, s′). To this end, we first decompose V̂ (t, t′; s, s′) − V (t, t′; s, s′) into three parts. Define

Ṽ (t, t′; s, s′) =
∑

i,j
∑

(k,l)≠(i,j)w2(i, j, k, l)"ij"kl
∑

i,j
∑

(k,l)≠(i,j)w2(i, j, k, l)
, and

V ∗(t, t′; s, s′) =
∑

i,j
∑

(k,l)≠(i,j)w2(i, j, k, l)V (ti, tk; sij , skl)
∑

i,j
∑

(k,l)≠(i,j)w2(i, j, k, l)
.

Then, it is straightforward that

V̂ (t, t′; s, s′) − V (t, t′; s, s′) ={Ṽ (t, t′; s, s′) − V ∗(t, t′; s, s′)} + {V ∗(t, t′; s, s′) − V (t, t′; s, s′)}
+ {V̂ (t, t′; s, s′) − Ṽ (t, t′; s, s′)} =∶ Λ1∕Λ2 + Λ3∕Λ2 + Λ4∕Λ2,

(A.29)

where

Λ1 =
∑

i,j

∑

(k,l)≠(i,j)
w2(i, j, k, l)

(

"ij"kl − V (ti, tk; sij , skl)
)

,Λ2 =
∑

i,j

∑

(k,l)≠(i,j)
w2(i, j, k, l),

Λ3 =
∑

i,j

∑

(k,l)≠(i,j)
w2(i, j, k, l)

(

V (ti, tk; sij , skl) − V (t, t′; s, s′)
)

,Λ4 =
∑

i,j

∑

(k,l)≠(i,j)
w2(i, j, k, l)

(

"̂ij "̂kl − "ij"kl
)

.

Next, we will show that each ofΛ1∕Λ2,Λ3∕Λ2 andΛ4∕Λ2 can be bounded by a term of the orderOp(�̃(n, m)+b(n, m)), where
�̃(n, m) = ℎ23+ℎ

2
4+{nℎ3}

−1∕2 and b(n, m) = ℎ21+ℎ
2
2+{log(n)

2∕(nℎ21)}
1∕2. To this end, let us first considerΛ1. From its definition,

it can be checked that E
(

Λ1|�
)

= 0, where � is the �-algebra generated by  = {s11,… , snm}. It follows from this that

E
(

Λ1
)

= E
[

E
(

Λ1|�
)]

= 0. (A.30)

Denote R(i, j, k, l; i′, j′, k′, l′) = E
{

w2(i, j, k, l)w2(i′, j′, k′, l′)
}

|Cov("ij"kl, "i′j′"k′l′)|. To calculate the variance of Λ1, since
E
(

Λ1|�
)

= 0 and Var(Λ1) = Var
(

E
(

Λ1|�
))

+ E
[

Var
(

Λ1|�
)]

, we have

Var(Λ1) =
∑

i,j

∑

(k,l)≠(i,j)

∑

i′,j′

∑

(k′,l′)≠(i′,j′)
E
{

w2(i, j, k, l)w2(i′, j′, k′, l′)
}

Cov("ij"kl, "i′j′"k′l′)

≤
∑

i,j

∑

k,l

∑

i′,j′

∑

k′,l′
R(i, j, k, l; i′, j′, k′, l′) ≤ 2

∑

i,j

∑

k,l

∑

i′≥i,j′

∑

k′,l′
R(i, j, k, l; i′, j′, k′, l′)

=O(1) ×
∑

i,j

∑

k≥i,l

∑

i′≥i,j′

∑

k′≥i′,l′
R(i, j, k, l; i′, j′, k′, l′) = O(1) × (Λ1,1 + Λ1,2 + Λ1,3),

(A.31)
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where

Λ1,1 =
∑

i,j

∑

i′≥i,j′

∑

k′≥i′,l′

∑

i≤k≤i′,l
R(i, j, k, l; i′, j′, k′, l′),

Λ1,2 =
∑

i,j

∑

i′≥i,j′

∑

k′≥i′,l′

∑

i′≤k≤k′,l
R(i, j, k, l; i′, j′, k′, l′),

Λ1,3 =
∑

i,j

∑

i′≥i,j′

∑

k′≥i′,l′

∑

k≥k′,l
R(i, j, k, l; i′, j′, k′, l′).

(A.32)

Next, we will find the upper bounds for Λ1,1, Λ1,2 and Λ1,3, respectively. To this end, we first consider Cov("ij"kl, "i′j′"k′l′), for
any i, j, k, l, i′, j′, k′ and l′ such that i ≤ k, i′ ≤ k′ and i ≤ i′. Note that, if i ≤ k ≤ i′, by the Davydov’s inequality, we have

|Cov("ij"kl, "i′j′"k′l′)| ≤C4 exp(−C5|i′ − k|), (A.33)

where C4 = 12C
4∕�
" C (�−4)∕�0 and C5 = C1(� − 4)∕�. If i′ < k ≤ k′, then it can be shown that

|Cov("ij"kl, "i′j′"k′l′)| ≤|Cov("ij"i′j′ , "kl"k′l′)| + |E("ij"kl)E("i′j′"k′l′))| + |E("ij"i′j′)E("kl"k′l′))|
≤C4

{

exp(−C5|i′ − k|) + exp(−C5|i′ − k′|) + exp(−C5|i′ − i|)
}

.
(A.34)

If k′ < k, it is clear that

|Cov("ij"kl, "i′j′"k′l′)| ≤ 2C4. (A.35)

Denote Δn(t, t′) =
(

|t − t′| − 1∕n, |t − t′| + 1∕n
)

. For the quantity Λ1,1, it can be shown from (A.33) that

Λ1,1 =O(1) × m4ℎ84
∑

i

∑

i′≥i

∑

k′≥i′

∑

i≤k≤i′
K1(

ti − t
ℎ3

)K1(
tk − t′

ℎ3
)K1(

ti′ − t
ℎ3

)K1(
tk′ − t′

ℎ3
)

× I
(

|ti − tk| ∈ Δn(t, t′)
)

I
(

|ti′ − tk′ | ∈ Δn(t, t′)
)

exp
(

−C5|i′ − k|
)

.
(A.36)

Note that, for every integer number k, the number of different i’s such that I
(

|ti − tk| ∈ Δn(t, t′)
)

= 1 cannot exceed 3. Mean-
while, given the value of i′, we have at most 3 different k′’s such that I

(

|ti′ − tk′ | ∈ Δn(t, t′)
)

= 1. Thus, it follows from (A.36)
that

Λ1,1 =O(1) × 9C3Km
4ℎ84

n
∑

k=1

n
∑

i′=1
K1(

tk − t′

ℎ3
) exp

(

−C5|i′ − k|
)

=O(m4ℎ84) ×
n
∑

k=1
K1(

tk − t′

ℎ3
)
∞
∑

�=0
exp(−C5�)

=O(nm4ℎ3ℎ84) ×
1
nℎ3

n
∑

k=1
K1(

tk − t′

ℎ3
),

(A.37)

where CK = supx∈ℝ{K1(x), K2(x)}. When t′ is fixed, it has been well studied that (nℎ3)−1
∑n
k=1K1

(

(tk − t′)∕ℎ3
)

= 1 +
O
(

1∕(nℎ3)
)

. However, in the setup of Theorem 3 of the paper, t′ may change with the number of observation times n. As a result,
in order to obtain the upper bound of Λ1,1, we have to calculate the upper bound of supu∈[0,1](nℎ3)−1

∑n
k=1K1

(

(tk − u)∕ℎ3
)

.
DefineΔk = (tk−1, tk], for k = 1,… , n, where t0 = 0 and {tk = k∕n, k = 1,… , n}. Then, for any u ∈ [0, 1], it can be shown that

1
nℎ3

n
∑

k=1
K1(

tk − u
ℎ3

) = 1
ℎ3

n
∑

k=1
∫ K1(

tk − u
ℎ3

)I(x ∈ Δk)dx =
1
ℎ3

n
∑

k=1
∫ K1(

x − u
ℎ3

)I(x ∈ Δk)dx

+ 1
ℎ3

n
∑

k=1
∫

{

K1(
tk − u
ℎ3

) −K1(
x − u
ℎ3

)
}

I(x ∈ Δk)dx

≤∫ K1(z)dz +
1
ℎ3

n
∑

k=1
∫

{

K1(
tk − u
ℎ3

) −K1(
x − u
ℎ3

)
}

I(x ∈ Δk)dx

=1 + 1
ℎ3

n
∑

k=1
∫

{

K1(
tk − u
ℎ3

) −K1(
x − u
ℎ3

)
}

I(x ∈ Δk)dx.

(A.38)
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Note that when x ∈ Δk,
|

|

|

K1
(

(tk − u)∕ℎ3
)

−K1
(

(x − u)∕ℎ3
)

|

|

|

≤ LK |x− tk|ℎ−13 I(|tk − u| ≤ 2L1ℎ3), where LK is the Lipschitz
constant of the kernel functions and [−L1, L1] is the finite support of K1(x). It follows that

|

|

|

|

|

1
ℎ3

n
∑

k=1
∫

{

K1(
tk − u
ℎ3

) −K1(
x − u
ℎ3

)
}

I(x ∈ Δk)dx
|

|

|

|

|

≤ 1
ℎ3

n
∑

k=1
∫

|

|

|

|

K1(
tk − u
ℎ3

) −K1(
x − u
ℎ3

)
|

|

|

|

I(x ∈ Δk)dx

≤ 1
ℎ3

n
∑

k=1
∫ LK |x − tk|ℎ−13 I(|tk − u| ≤ 2L1ℎ3)I(x ∈ Δk)dx

≤LK (nℎ23)
−1

n
∑

k=1
∫ I(|tk − u| ≤ 2L1ℎ3)I(x ∈ Δk)dx

≤LK (nℎ23)
−1(4L1ℎ3 + 2∕n).

(A.39)

combining the results in (A.39) and (A.38), it immediately follows that (nℎ3)−1
∑n
k=1K1

(

(tk − u)∕ℎ3
)

≤ 1+LK (nℎ23)
−1(4L1ℎ3+

2∕n), for any u ∈ [0, 1]. Thus,

sup
u∈[0,1]

(nℎ3)−1
n
∑

k=1
K1

(

(tk − u)∕ℎ3
)

≤ 1 + LK (nℎ23)
−1(4L1ℎ3 + 2∕n) = 1 + O({nℎ3}−1). (A.40)

Based on the results in (A.37) and (A.40), we have

Λ1,1 = O(nm4ℎ3ℎ84) × (nℎ3)
−1

n
∑

k=1
K1

(

(tk − t′)∕ℎ3
)

=O(nm4ℎ3ℎ84) × sup
u∈[0,1]

(nℎ3)−1
n
∑

k=1
K1

(

(tk − u)∕ℎ3
)

= O(nm4ℎ3ℎ84).
(A.41)

To calculate the second part Λ1,2 in (A.32), note that the number of different k’s such that i′ < k ≤ k′ is no more than |k′− i′|
and |k′− i′| ≤ �n+1, where �n is the closest positive integer less than or equal to n|t− t′|. By using the result in (A.34), we have

Λ1,2 =O(1) × m4ℎ84
∑

i

∑

i′≥i

∑

k′≥i′

∑

i′<k≤k′
K1(

ti − t
ℎ3

)K1(
tk − t′

ℎ3
)K1(

ti′ − t
ℎ3

)K1(
tk′ − t′

ℎ3
)I
(

|ti − tk| ∈ Δn(t, t′)
)

× I
(

|ti′ − tk′ | ∈ Δn(t, t′)
) {

exp
(

−C5|i′ − k|
)

+ exp
(

−C5|i′ − k′|
)

+ exp
(

−C5|i′ − i|
)}

=O(nℎ3m4ℎ84) + O(m
4ℎ84) ×

∑

i
(�n + 1)K1(

ti − t
ℎ3

) exp
(

−C5(�n − 1)
)

+ O(m4ℎ84) ×
∑

i

∑

i′
K1(

ti − t
ℎ3

)K1(
ti′ − t
ℎ3

) exp
(

−C5|i′ − i|
)

=O(nℎ3m4ℎ84) + O(nℎ3m
4ℎ84) × sup

u∈[0,1]

1
nℎ3

n
∑

i=1
K1(

ti − u
ℎ3

)
∞
∑

�=0
exp

(

−C5�
)

= O(nℎ3m4ℎ84).

(A.42)

Note that k− i ≤ k′ − i′ + 2 if both |tk − ti| and |tk′ − ti′ | are in Δn(t, t′), i ≤ k, and i′ ≤ k′. It follows that k ≤ k′ + 2 − (i′ − i).
When i′ ≥ i, the number of different k’s satisfying k > k′ and k ≤ k′ + 2− (i′ − i) is less than or equal to 2. From the definition
of Λ1,3 and the result in (A.35), it can be easily checked that

Λ1,3 = O(nℎ3m4ℎ84). (A.43)

From the results in (A.41)-(A.43), we have Var(Λ1) = O(nm4ℎ3ℎ84). It follows from this result and (A.30) that

Λ1 = Op(nm2ℎ3ℎ44�̃(n, m)). (A.44)

For Λ2, by using the similar arguments in (A.30)-(A.44), we can obtain the result that

Λ2 =
n
∑

i=1

n
∑

k=1
K1(

ti − t
ℎ3

)K1(
tk − t′

ℎ3
)I
(

|ti − tk| ∈ Δn(t, t′)
)

× mimkf (s)f (s′)ℎ44 + Op(nm
2ℎ3ℎ

4
4�̃
∗(n, m)),

(A.45)
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where �̃∗(n, m) = �̃(n, m) + {mℎ24}
−1∕2. Since n(t − t′) = $ + o(1), when n is large enough, for arbitrary 1 ≤ i ≤ n, we can find

at least one integer 1 ≤ k ≤ n such that I
(

|ti − tk| ∈ Δn(t, t′)
)

= 1. Moreover, it can be easily checked that ||
|

K1
(

(ti − t)∕ℎ3
)

−

K1
(

(tk − t′)∕ℎ3
)

|

|

|

≤ LK (nℎ3)−1 when I
(

|ti − tk| ∈ Δn(t, t′)
)

= 1. So, we have

(nℎ3)−1
n
∑

i=1

n
∑

k=1
K1(

ti − t
ℎ3

)K1(
tk − t′

ℎ3
)I
(

|ti − tk| ∈ Δn(t, t′)
)

≥(nℎ3)−1
n
∑

i=1
K2
1 (
ti − t
ℎ3

) − LK (nℎ3)−2
n
∑

i=1
K1(

ti − t
ℎ3

)

≥(nℎ3)−1 inf
u∈[0,1]

n
∑

i=1
K2
1 (
ti − u
ℎ3

) − LK (nℎ3)−2 sup
u∈[0,1]

n
∑

i=1
K1(

ti − u
ℎ3

)

=1
2
�(K2

1 ) + O(
1
nℎ3

),

(A.46)

where �(K2
1 ) = ∫ K2

1 (x)dx. It follows from (A.44)-(A.46) that

Λ1∕Λ2 = Op(�̃(n, m)). (A.47)

For Λ3, note that V (t, t′; s, s′) is twice continuously differentiable. By the Taylor’s expansion, the following result is true:

Λ3 = Op(nm2ℎ3ℎ44�̃(n, m)). (A.48)

From (A.45), (A.46) and (A.48), we have

Λ3∕Λ2 = Op(�̃(n, m)). (A.49)

So far, we have shown that Λ1∕Λ2 + Λ3∕Λ2 = Op(�̃(n, m)). To prove that the result in (14) of the paper is true, it suffices to
show that Λ4∕Λ2 = Op(�̃(n, m)). From the definition of Λ2 and Λ4 and the result that "̂ij − "ij is bounded by a term of the order
Op(b(n, m)) uniformly for all i and j (see the arguments at the beginning of the proof), we have

|

|

Λ4∕Λ2|| ≤

∑

i,j
∑

(k,l)≠(i,j)w2(i, j, k, l)
|

|

|

"̂ij "̂kl − "ij"kl
|

|

|

∑

i,j
∑

(k,l)≠(i,j)w2(i, j, k, l)
≤

∑

i,j
∑

(k,l)≠(i,j)w2(i, j, k, l)
|

|

|

"̂ij − "ij
|

|

|

|

|

"̂kl − "kl||
∑

i,j
∑

(k,l)≠(i,j)w2(i, j, k, l)

+

∑

i,j
∑

(k,l)≠(i,j)w2(i, j, k, l)|"kl|
|

|

|

"̂ij − "ij
|

|

|

∑

i,j
∑

(k,l)≠(i,j)w2(i, j, k, l)
+
∑

i,j
∑

(k,l)≠(i,j)w2(i, j, k, l)|"ij| ||"̂kl − "kl||
∑

i,j
∑

(k,l)≠(i,j)w2(i, j, k, l)

=Op(b(n, m)2) + Op(b(n, m)) ×
∑

i,j
∑

(k,l)≠(i,j)w2(i, j, k, l)|"kl|
∑

i,j
∑

(k,l)≠(i,j)w2(i, j, k, l)

+ Op(b(n, m)) ×
∑

i,j
∑

(k,l)≠(i,j)w2(i, j, k, l)|"ij|
∑

i,j
∑

(k,l)≠(i,j)w2(i, j, k, l)
.

(A.50)

Similar to the arguments in (A.31)-(A.47), it can be shown that
∑

i,j
∑

(k,l)≠(i,j)w2(i, j, k, l)|"kl|
∑

i,j
∑

(k,l)≠(i,j)w2(i, j, k, l)
=Op(1), and

∑

i,j
∑

(k,l)≠(i,j)w2(i, j, k, l)|"ij|
∑

i,j
∑

(k,l)≠(i,j)w2(i, j, k, l)
=Op(1).

(A.51)

The results in (A.50) and (A.51) imply that

Λ4∕Λ2 = Op(b(n, m)). (A.52)

By combining the results in (A.47), (A.49) and (A.52), the result in (14) of the paper has been proved.


	Supplementary Materials for Nonparametric Estimation of the Spatio-Temporal Covariance Structure
	Abstract
	Proof of Theorem 1
	Proof of Theorem 2
	Proof of Theorem 3


