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Abstract

It is known that the fitted regression function based on conventional local smoothing pro-
cedures is not statistically consistent at jump positions of the true regression function. In this
article, a curve-fitting procedure based on local piecewise-linear kernel estimation is suggested.
In a neighborhood of a given point, a piecewise-linear function with a possible jump at the given
point is fitted by the weighted least squares procedure with the weights determined by a kernel
function. The fitted value of the regression function at this point is then defined by one of the
two estimators provided by the two fitted lines (the left and right lines) with the smaller value
of the weighted residual sum of squares. It is proved that the fitted curve by this procedure is
consistent in the entire design space. In other words, this procedure is jump-preserving. Several
numerical examples are presented to evaluate its performance in small-to-moderate sample size

cases.

Key Words: Jump-preserving curve fitting; Local piecewise-linear kernel estimation; Local

smoothing; Nonparametric regression; Strong consistency.

1 Introduction

Regression analysis provides a tool to build functional relationships between dependent and inde-
pendent variables. In some applications, regression models with jumps in the regression functions
appear to be more appropriate to describe the data. For example, it was confirmed by several

statisticians that the annual volume of the Nile river had a jump around year 1899 (Cobb, 1978).



The December sea-level pressure in Bombay India was found to have a jump discontinuity around
year 1960 (Shea at al. 1994). Some physiological parameters can likewise jump after physical
or chemical shocks. As an example, the percentage of time a rat in rapid-eye-movement state in
each five-minute interval will most probably have an abrupt change after the lighting condition is
suddenly changed (Qiu et al. 1999). The objective of this article is to provide a methodology to

fit regression curves with jumps preserved.

Suppose that the regression model concerned is
y’l:f('rl)—’_Qa fori:1727’”7n7 (11)

where 0 < x1 < 2 < -+ < x, < 1 are design points, ¢; are i.i.d. random errors with mean 0 and
variance o2. The regression function f(-) is continuous in [0, 1] except at positions 0 < s1 < sg <
-+ < 8m < 1 where f(-) has jumps with magnitudes d; # 0 for j = 1,2,---,m. Figure 1.1 below

presents a case when m = 2.

It is known that the fitted curve by the conventional local smoothing procedures is not statis-
tically consistent at positions where f(-) has jumps. For example, the local linear kernel smoother

is based on the following minimization procedure (cf. Fan and Gijbels 1996):
& Ty — &
min > {yi = 6§ + @i - D]} K(Z5—=), (12)
1 =1 n

where K (-) is a kernel function with support [—1/2,1/2] and h,, is a bandwidth parameter. Then
the solution of (1.2) for af) is defined as the local linear kernel estimator of f(z). In Figure 1.1, the
solid curve denotes the true regression function. It has two jumps at = 0.3 and x = 0.7. The
dashed curve denotes the conventional fit by the local linear kernel smoothing procedure. It can
be seen that “blurring” is present in the curve fitting around the two jumps. As a comparison, the
fitted curve by the procedure suggested in this paper is represented by the dotted curve. The two

jumps are preserved well by our procedure. More explanation of this plot is given in Section 4.

A major reason for the local linear kernel smoothing procedure (1.2) not to preserve jumps is
that it uses a local “continuous” function (a linear function) to approximate the true regression
function in a neighborhood of a given point z even if there is a jump at z. A natural idea to

overcome this limitation is to fit a local piecewise-linear function at z as follows:
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Figure 1.1: Small dots denote noisy data. The solid curve represents the true regression model.
The dashed and dotted curves denote the conventional fit by the local linear kernel smoothing
procedure and the fit by the procedure suggested in this paper.

e ;{yi — a0 + a1 (zi — x)] —
r; — &
[(aro — ar0)I(zi — ) + (ar1 — a1)(z; — o)1 (25 — Jf)]}zK(h—), (1.3)

where I(-) is an indicator function defined by I(a) = 1if a > 0 and = 0 otherwise. The minimization
procedure (1.3) fits a piecewise-linear function a;o + a;1 (v — x) + (ar0 — az0)I(uv — x) + (ay1 —
ajq)(u —x)l(u—2) inu € [x — hy/2,2 + hy/2] with a possible jump at x. This is equivalent to
fitting two different lines a; o + a;1(v — ) and a0 + ar1 (v — ) in [z — hy,/2,2) and [z, 2 + hy, /2],
respectively. Let {a;;(x),a;(z),j = 0,1} denote the solution of (1.3). Then a;o(x) and a,o(x)
are estimated from observations in [z — h, /2, z) and [z, + h,, /2], respectively. Thus they are good
estimators of f_(z) and fy(x), the left and right limits of f(-) at x, in the case when z is a jump
point. When there is no jump in [z — hy, /2, + hy,, /2], both of them estimate f(x) well. In the case
when z itself is not a jump point but a jump point exists in its neighborhood [x — h,, /2, 2 + h,, /2],
only one of @ o(z) and @, o(x) provides a good estimator of f(x). Therefore we need to choose one

of them as an estimator of f(z) in such case. By combining all these considerations, we define
F(@) = dro(@) I*(RSS, (x) — RSS)(2)) + diro(x)I* (RSS)(x) — RSS, () (1.4)

as an estimator of f(z) for x € [hy, /2,1 — hy, /2], where I*(a) is defined by I*(a) =1 if a > 0, 1/2 if
a=0and 0 if a < 0; RSS;(z) and RSS,(x) are the weighted residual sums of squares (RSS) with



respect to observations in [z — hy,/2,z) and [z, z + hy /2], respectively. That is,

RSS(z) = Z {yi —aro(x) — a1 (z) (2 — )2 K(xih; ac);
RSS,(r) = Z {yi —aro(z) —ap1(z)(z; — $)}2 K(%).

o~

Basically f(z) is defined by one of @;o(z) and @, o(z) with the smaller RSS value.

In the literature, there are several existing procedures to fit regression curves with jumps
preserved. McDonald and Owen (1996) proposed an algorithm based on three local ordinary least
squares estimates of the regression function, corresponding to the observations on the right, left
and both sides of a given point, respectively. They then constructed their “split linear fit” as a
weighted average of these three estimates, with weights determined by the goodness-of-fit values
of the estimates. Hall and Titterington (1992) suggested an alternative but simpler method by
establishing some relations among three local linear smoothers and using them to detect the jumps.
The regression curve was then fitted as usual in regions separated by the detected jumps. Our
procedure is different from these two procedures in that we put the problem to fit regression curves
with jumps preserved in the same framework as that of local linear kernel estimation except that a
local piecewise-linear function is fitted at a given point in our procedure, making the curve estimator

(1.4) easier to use.

Most other jump-preserving curve fitting procedures in the literature consist of two steps:
(i) detecting possible jumps under the assumption that the number of jumps is known (it is often
assumed to be 1) and (ii) fitting the regression curve as usual in design subintervals separated by the
detected jump points. Various jump detectors are based on one-sided constant kernel smoothing
(Miiller 1992, Qiu et al. 1991, Wu and Chu 1993), one-sided linear kernel smoothing (Loader
1996), local least squares estimation (Qiu and Yandell 1998), wavelet transformation (Wang 1995),
semiparametric modeling (Eubank and Speckman 1994) and smoothing spline modeling (Koo 1997,
Shiau et al. 1986). The case when the number of jumps is unknown is considered by several authors
including Qiu (1994) and Wu and Chu (1993). They first estimated the number of jumps and
jump positions by performing a series of hypothesis tests and then fitted the regression curve in
subintervals separated by the detected jump points. Comparing with the above mentioned methods,
the method presented in this paper automatically accommodates the jumps in fitting the regression

curve without knowing the number of jumps and without performing any hypothesis tests.



This paper is organized as follows. In next section, we discuss the jump-preserving curve fitting
procedure (1.4) in some detail. Properties of the fitted curve are discussed in Section 3. In Section
4, we present some numerical examples concerning the goodness-of-fit and bandwidth selection.
The procedure is applied to a real-life dataset in Section 5. Section 6 contains some concluding

remarks.

2 The Jump-Preserving Curve Fitting Procedure

First we notice that the minimization procedure (1.3) is equivalent to the combination of:

Ty, — &
min Z {yi — a0 — apy (i — 2)}* Ko (=—) (2.1)
and
Ty — &
o nin Z {vi — arol (@ — ) — ary (2 — 2)(2; — )} K ( ), (2.2)

where Kj(-) is defined by K;(z) = K(x) if z € [-1/2,0) and 0 otherwise and K,(-) is defined by
K,(z) = K(x) if z € [0,1/2] and 0 otherwise. Clearly, (2.1) is equivalent to the local linear kernel
smoothing procedure to fit f_(x) by the observations in [z — h,, /2, x), the left half of [x — h,, /2,2 +
hn /2], and (2.2) is equivalent to the local linear kernel smoothing procedure to fit fi(z) by the
observations in [z, z + h, /2], the right half of [x — hy, /2,2 + hy/2]. The subscripts “1” and “r” i

notations {a; j,ar;,j = 0,1}, Ki(-) and K,(-) represent “left” and “right”, respectively, which are

also used in other notation defined below.

Solutions of (2.1) and (2.2) can be written as:

—x wlg wy (2 — )
aro(x Z ysz 5
I Wi,oWr,2 — Wi 1
—x wlo(l‘z — ) — w1
ara( Z ysz 5
I Wr,oWy,2 — Wi 1
-z wrg w1 (T — )
ar 0 Z yz r 2
I Wr,0Wr,2 — Wy q
—x wro(xl — ) — w1
ar, 1( Z yi i ( 3
n Wy oWy 2 — wr,l

where wy; = 37y Ki(5%) (2 — z)? and wy; = >0, Ko (575) (2 — x)’ for j =0,1,2.
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Figure 2.1 presents a; (), aro(-) and f(-) by the dotted, dashed and solid curves in the case
of Figure 1.1 except that the noise in the data has been ignored by setting ¢ = 0. It can be seen
that blurring occurs in [zg,z¢ + hyn/2] if @0(-) is used to fit f(-) and point ¢ is a jump point.
Similarly, blurring occurs in [zg — hy,/2,z0) if @y o(-) is used to fit f(-) and point zg is a jump

point. Our estimator f(-), however, can preserve the jumps well because f(-) is defined as a; ()

in [xg — hn/2,20) and as G, o(-) in [xg, zo + hy/2] when zg is a jump point.
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Figure 2.1: The dotted, dashed and solid curves denote a; o(:), Gr0(-) and f(-) in the case of Figure
1.1 except that the noise in data has been ignored by setting o = 0.

When z is in boundary regions [0, by, /2) and (1 — h,,/2, 1], estimator of f(z) is not defined by
(1.4). In such case there are several possible approaches to estimate f(z) if no jumps exist in [0, hy,)
and (1—h,,,1]. For example, f(z) could be defined by the conventional local linear kernel estimator
constructed from observations in [0,z + h, /2] or [x — h,/2,1] depending on whether = € [0, h,,/2)
or z € (1 —hy/2,1]. In the following sections, we define f(z) = aro(z) when z € [0, hy,/2) and
flz) = ayo(z) when x € (1—h,,/2,1] for simplicity. If there are jump points in [0, hy,) (or (1—hy, 1]),

however, estimation of f(z) in boundary region [0, h,,/2) (or (1 — h,/2,1]) is still an open problem.

In the literature, there are several existing data-driven bandwidth selection procedures such as
the plug-in procedures, the cross-validation procedure, the Mellow’s C), criterion and the Akaike’s
information criterion (cf. e.g., Chu and Marron 1991; Loader 1999). Since the exact expressions
for the mean and variance of the jump-preserving estimator f(-) in (1.4) are not available at this

moment, the plug-in procedures are not considered here. In the numerical examples presented in

Sections 4 and 5, we determine the bandwidth h, by the cross-validation procedure. That is, the



optimal h,, is chosen by minimizing the following cross-validation criterion:

:%i( i), (23)

where f_,(ac) is the “leave-1-out” estimator of f(x) with bandwidth h,. Namely, the observation
(z4,y;) is left out in constructing f_i(x), for i = 1,2,---,n. A numerical example in Section 4

shows that the chosen bandwidth based upon (2.3) performs well.

3 Strong Consistency

The conventional local smoothing estimators of f(-) such as the one from (1.2) are not statistically
consistent at jump positions. In this section we establish the almost sure consistency of the jump-
preserving estimator f() which says that f() converges almost surely to the true regression function
in the entire design space [0, 1] under some regularity conditions. That is, f() is jump-preserving.

First we have the following result for @;o(-) and @, (:).

Theorem 3.1 Suppose that f(-) has a continuous second-order derivative in [0, 1]; maxi<;<p+1(z;—
xi—1) = O(1/n) where g = 0 and x,,11 = 1; the kernel function K(-) is Lipschitz (1) continuous;

the bandwidth h,, = O(n"'/%). Then

n2/5
mﬂal,o = fllihny2,0) = 0(1), a.s. (3.1)
n2/5
m”ar,o = fllo,1=hny2 = 0o(1), as. (3.2)

where ||g||jq,5 denotes max,<.<p [g()|.

Theorem 3.1 establishes the almost sure uniform consistency of @;(-) and @, o(-) when f(-) is
continuous in the design space [0, 1]. Tts proof is given in Appendix A. When f(-) has jumps in [0, 1]
as specified by model (1.1), Theorem 3.1 also gives almost sure consistency of f() in continuous
regions Dy := [0, 1]\ UL, (s — hn/2, 85+ hn/2) since ||‘)?—f||D1 < max(||a.,0o— fllp,; |aro— fllp,) by
(1.4). In the neighborhood of jump points Dy := J/L;(sj — hn/2, sj + hy/2), we have the following

result.

Theorem 3.2 Suppose that = is a given point in (0,1); maxi<j<n+1(z; — x;—1) = O(1/n) where

xg = 0 and x, 1 = 1; the kernel function K(-) is Lipschitz (1) continuous; lim,, ., h, = 0 and



lim,, o0 nhy, = 0o. If f(+) has a continuous first-order derivative in [z, z + h, /2], then
RSS,.(x) = v, 00*nhy, + o(nhy), a.s. (3.3)

If f(-) has a jump in [z,z + h, /2] at ©, := x + Thy, with magnitude d, where 0 < 7 < 1/2 and
f(-) has a continuous first-order derivative in [z,x + h, /2| except at x, at which f(-) has a right
(when 7 = 0) or left (when 7 = 1/2) or both (when 0 < 7 < 1/2) first-order derivatives f/ (z,) and
f(x;), then

RSS,(z) = (vr00% + d2C?*)nh, + o(nhy,), a.s., (3.4)

1 [ p1/2 1/2
c? = (orotrs — 71 /0 [/T (vr2 — vp12) Ky (2)dz + u/T (vr 0z — Ur,l)KT(ZL')dSL"| K, (u)du +

1 12 [ pr 1/2
Orotra v21)2 / /0 (Ur2 — vp12) Ky (x)da — u/ (Ur0x — v 1) Ky (z)da | Ky (uw)du

and v, ; = 01/2 P K, (x)dx for j =0,1,2.

Similar results could be derived for RSS;(z). It can be checked that C? is positive when
7 € (0,1/2) and 0 when 7 = 0 or 1/2. If the kernel function K (-) is chosen to be the Epanechnikov
function defined by K (z) = 1.5(1 — 42%) when x € [~1/2,1/2] and 0 otherwise (cf. Section 3.2.6,
Fan and Gijbels 1996), then C? as a function of 7 is displayed in Figure 3.1.
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Figure 3.1: C? as a function of 7 when K (-) is chosen to be the Epanechnikov function.

By (3.3) and (3.4), if there is a jump in [z — h,,/2,x + h, /2], a neighborhood of a given point
x, and this jump point is located on the right side of z, then RSS;(z) < RSS,(x), a.s., when n is
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large enough. Consequently, f(z) = @;o(x), a.s., when n is large enough. On the other hand, if
the jump point is located on the left side of z, then RSS)(z) > RSS,(x), a.s., and f(z) = aro(z),
a.s., when n is large enough. By combining this fact and (3.1)-(3.2) in Theorem 3.1, we have the

following results.

Theorem 3.3 Suppose that f(-) has a continuous second-order derivative in [0, 1] except at the
jump positions {s;,j = 1,2,---,m} where f(-) has left and right second-order derivatives; max<;<p41(x;i—
xi—1) = O(1/n) where g = 0 and x,,11 = 1; the kernel function K(-) is Lipschitz (1) continuous;

and the bandwidth h,, = O(n~/%). Then

(i)

n2/> .
lognloglogn”f flpy = o(1), a.s;
(ii) for each x € Do,
n2/> .
o B o1
log nloglogn A f(@)) = o(1), a.s.;

(iii) for any small number 0 < 0 < 1/4,

n2/5

s e ol =o(l 8.
lognloglogan fllpy s =0(1), a.s.,

where Dy 5 = ULy {[sj — (1/2 — 6)hn, 55 — 6ha]U[sj + dhn, 55 + (1/2 — 6)ha]}-

~

Theorem 3.3 says that f(-) is uniformly consistent in continuous regions Dy with rate o(n_z/ 5
lognloglogn). In the neighborhood of jump points, it is consistent pointwise with the same rate.
Because C? has a positive lower bound when 7 € [§,1/2— 6] for any given number 0 < § < 1/4, 110
is also uniformly consistent with rate o(n_z/ % lognloglogn) in Dy s which equals to D>\ Ds where

Ds = UjLy [(85 = hn /2,55 — (1/2 = 0)hy) U(8j — Shn, 85 + 6hy) U(s5 + (1/2 = ) hin, 55 + hin/2)].
4 Simulation Study

We present some simulation results regarding bandwidth selection and the numerical performance
of the jump-preserving curve fitting procedure (1.4) in this section. Let us revisit the example of
Figure 1.1 first. The true regression function in this example is f(xz) = —3z + 2 when z € [0,0.3);
f(x) = =3z+3—sin((x—0.3)7/0.2) when x € [0.3,0.7); and f(z) = 0.5x+1.55 when x € [0.7,1]. It



has two jump points at x = 0.3 and x = 0.7. Both jump magnitudes are equal to 1. Observations
are generated from model (1.1) with ¢; ~ N(0,02) for i = 1,2,---,n. The bandwidth used in
procedure (1.4) is assumed to have the form h,, = k/n, where k is an odd integer, for convenience.

Without confusion, & is sometimes called the bandwidth in this section.

Figure 4.1 presents the MSE values of the fitted curve by the jump-preserving procedure (1.4)
with several k values when n = 200 and ¢ = 0.2. To remove some randomness in the results, all
MSE values presented in this section are actually averages of 1000 replications. It can be seen from
the plot that the MSE value first decreases and then increases when k increases. The bandwidth
k works as a tuning parameter to balance “underfit” and “overfit” as in the conventional local
smoothing procedures. The best bandwidth in this case is k = 29 which makes the MSE reach the
minimum. The dotted curve in Figure 1.1 shows one realization of the fitted curve with the best
bandwidth £ = 29. The dashed curve shows the conventional local linear kernel estimator with the

same bandwidth.
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Figure 4.1: MSE values of the fitted curve by the jump-preserving procedure (1.4) with several k
values when n = 200 and o = 0.2.

We then perform simulations with several different n and o values. The optimal bandwidths
and the corresponding MSE values are presented in Figures 4.2(a) and 4.2(c), respectively. From
the plots, it can be seen that (1) the optimal k increases when sample size n increases or o increases
and (2) the corresponding MSE value decreases when n increases or o decreases. The first finding
suggests that the bandwidth should be chosen larger when the sample size is larger or the data
is noisier, which is intuitively reasonable. The second finding might reflect the consistency of the

fitted curve.
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Figure 4.2: (a) The optimal bandwidths by the MSE criterion; (b) the optimal bandwidths by the
CV criterion; (c) the corresponding MSE values when the bandwidths in plot (a) are used; (d) the
corresponding CV values when the bandwidths in plot (b) are used.

As a comparison, the optimal bandwidths by the cross-validation procedure are presented
in Figure 4.2(b). The corresponding CV values (defined by equation (2.3)) are shown in Figure
4.2(d). By comparing Figures 4.2(a) and 4.2(b), it can be seen that bandwidths selected by the

cross-validation procedure are close to the optimal bandwidths based on the MSE criterion.

From Figure 1.1, it can be seen that bluring occurs around the jump points if f(-) is estimated
by the conventional local linear kernel estimator. The jump-preserving estimator (1.4) preserves
the jumps quite well, which is further confirmed by Figure 4.3. In Figure 4.3(a), the solid curve
denotes the true regression model, the dotted curve denotes the averaged estimator by the jump-

preserving procedure which is calculated from 1000 replications. The lower and upper dashed

11



curves represent the 2.5 and 97.5 percentiles of these 1000 replications. We can see that the two
sharp jumps are preserved well by the procedure (1.4). As a comparison, the averaged estimator
and the corresponding percentiles by the conventional local linear kernel smoothing procedure with

the same bandwidth are presented in Figure 4.3(b). It can be seen that the two jumps are blurred.
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Figure 4.3: The solid curve denotes the true regression model, the dotted curve denotes the averaged
estimator which is calculated from 1000 replications. The lower and upper dashed curves represent
the 2.5 and 97.5 percentiles of these 1000 replications. (a) Results from the jump-preserving
procedure (1.4); (b) results from the conventional local linear kernel smoothing procedure.

5 An Application

In this section, we apply the jump-preserving curve fitting procedure (1.4) to a sea-level pressure
dataset. In Figure 5.1, small dots denote the December sea-level pressures during 1921-1992 ob-
served by the Bombay weather station in India. Meteorologists (cf. Shea et al. 1994) noticed a
jump around year 1960 in this dataset and the existence of this jump was confirmed by Qiu and

Yandell (1998) with their local polynomial jump detection algorithm.

In Figure 5.1, the solid curve denotes the fitted regression curve by our jump-preserving curve
fitting procedure (1.4). In the procedure, the bandwidth is chosen to be k = 25 which is determined
by the cross-validation procedure (2.3). As indicated by the plot, the jump around year 1960 is

preserved well by our procedure.

12
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Figure 5.1: Small dots denote the December sea-level pressures during 1921-1992 observed by the
Bombay weather station in India. The solid curve is the jump-preserving estimator by the procedure
(1.4).

6 Concluding Remarks

We have presented a jump-preserving curve fitting procedure which automatically accommodates
possible jumps of the regression curve without knowing the number of jumps. The fitted curve
is proved to be statistically consistent in the entire design space. Numerical examples show that
it works reasonably well in applications. The following issues related to this topic need further
investigation. First, the procedure (1.4) works well in boundary regions [0, hy,/2) and (1 — hy, /2, 1]
only under the condition that there are no jumps in [0, h,) and (1 — h,,1]. This condition can
always be satisfied when the sample size is large. When the sample size is small, however, this
condition may not be true in some cases and it is still an open problem to fit f(-) when jumps exist
in the boundary regions. Second, the plog-in procedures to choose bandwidth of a local smoother
are often based on the bias-variance trade-off of the fitted regression model. Exact expressions for
the mean and variance of the jump-preserving procedure (1.4) are not available yet, which needs

further research.

Acknowledgement: The author would like to thank Mr. Alexandre Lambert of the Institut
de Statistique at Universite catholique de Louvain in Belgium for pointing out a mistake in the

expression of C2 appeared in (3.4).
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Appendix

A Proof of Theorem 3.1

We only prove equation (3.1) here. Equation (3.2) can be proved similarly. First of all,

E(a;o(x) Zf z; Kl( —az)wzz—wll(gcz_x)‘

= ha, wlowl2_wl1

(A1)

We notice that the summation on the right hand side of (A.1) is only for those x; in [z — h, /2, ).

By Taylor’s expansion,

Fli) = @)+ @) i - )+ @) i~ ) + o(h2),

where x; € [x — hy,/2,x). By combining (A.1) and (A.2), we have

2
Wy o — Wi,1WL3

E(ao(x)) = f(z) + f'(2) +o(hy,),

2(wi 0wz — wi;)

where w3 = >ty Ki(55) (2 — x)3. Furthermore it can be checked that

w0 w1 wy 2 wy,3
) — 1 ) — 1 ) — 1 ) — 1
nhy, v,0 + 0( )7 nh% v+ O( )7 ’I’Lh% v2 + 0( )7 nh% v,3 + O( )7

where v; ; = I 1/2 2/ Kj(z)dx for j = 0,1,2,3. By combining (A.3) and (A.4), we have

2 _
Bl@no(@)) = F(@) + F'(@) 5ot b+ of0).

VL0UL2 — Vi

Therefore )
Blano(o)) = () = " (o) 22+ ol
Now let
& = IGY?—lgl), i=1,2,---,n
) = Yo m( el e,

2 (A
I wy,0Wi2 — Wiy

14

(A.2)

(A.4)



For any ¢ > 0,

n2/5
(m[?]n(l‘) — E(gn(2))] > €)

n2/5

< expoog7r*“°gbg"f“2>E<nﬁ/1exp<

W[ﬁn(i) — E(gn(i))]))

< —¢e(loglog n)l/2 Vv
=" loglogn Z ar(gn(i

by an application of the Chebyshev’s inequality of the exponential form. Now

zn:Var(f]n(z’)) < 2ZKl xlh w)[wlz wl1(1‘2—:n)]2

n W oW2 — wl 1
V3, — v 1T
= / 1,2 “2 )zdw
nh 1/2 Ul 0UL2 = Uiy
= 7 oK
nhn Cl,l( )7
where C; 1(K) is a constant. So
(D [5(@) — B(Ga())] > ) = O(nlossn) ) (A-6)
log n loglogn In In ’

for all z € [h,/2,1].

We now define D,, = {x : |z| < n'/° + 1,2 € R}, for some § > 0. Let E, be a set such that,
for any x € D, there exists some Z(x) € E, such that |z — Z(z)| < n~2, and E,, has at most

N, = [2n?(n'/% +1)] + 1 elements, where [z] denotes the integral part of z. Then

n2/5
|9 — E(g <
log n log logn”g" E(g”)H[hn/?,l]ﬂDn < Sin + S2n + San,
where
n2/5
Sip, = ————— sup Gn(x) — gn(Z(x
1 log nloglog . /.11 (| |Gn(2) — gn(Z(2))]
n2/5
Sop = ———— sup gn(Z(2)) — E(g,(Z(x
2 lognloglogn yeph, /211 Dy 19n(Z(2)) (Gn(Z(2)))|
n2/5
S3n = o sup |E(a(Z(x))) — E(Gn())

log nloglogn x€[hn/2,1] ﬂ Dn

From (A.6), P(S2, > ¢) = O(Nnn_e(loglog”)l/z). By the Borel-Cantelli Lemma,
Jim Son =0, a.s. (A.7)
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Now

n2/5 -
Sln - - @ sup Kl
lognloglogn ,eip, /211N D, | ;[ | fon

x — Z(x) wy o —wpa(xi — Z(fﬂ))]gi’

T;— :c)wl,g — w1 (z; — x) B

2
Wr,oWy,2 — Wi 1

Ki(

2
I wyowy,2 — Wiy

1 n2/15n11/2 wp |% zn:[Kl(xih_ :c)vm - vz,l(l"i_—;f)/hn
ognloglogn ,cp, /21D, Min = n VL0UL2 — Vi
T — Z(x))vm — (s — Z(:n))/hn]|
hy, VL0V — ”1271
n2/5+1/2 Cl,z(K)
lognloglogn n2h, '

Ki(

where Cj o(K) is a constant. In the last inequality above, we have used the Lipschitz (1) property
of Kj(-). Therefore

nh—{go Sln — 0, a.s. (AS)
Similarly,
i Szn = 0. (A.9)
By combining (A.7)-(A.9), we have
n2/5 i ]
ogniogiogn 9 ~ E@lm. 2, = o1), a-. (A.10)

Now,

lgn — E(gn)”[hn/2,1] < llgn — gn”[hn/zl] + 1Gn — E(Q”)H[hn/z,l] + | E(gn) — E(gn)H[hn/2,l]-

Since F (6%) < 00, there exists a full set 29 such that for each w € )y there exists a finite positive

integer N, and for n > N,

So for all n > N,

~ 1 N, Ty — T vlg—vll(:ci—x)/hn .
n —In S — K : - i &
0(0) a0 £ e > KT
< C’(Nw)’
- nhy,
where C(N,,) is a constant. Therefore,
n2/5
—————||9n — On =o(1), a.s. A1l
lognloglogn”g Inllipn 2] = 0(1), a.s (A.11)
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Similarly,

By (A.10)-(A.12), we have

n2/5 )

Tog nloglogn 12 Gn) = Egn)ln. 2.1 = o(1). (A.12)
n2/5

Tognloglogn 19n = Blon)llin 20y = o(1), a.s. (A.13)

By (A.5) and (A.13), we get equation (3.1).

B Proof of Theorem 3.2

By the definition of RSS,(x),

RSS,. ()

n

> i — aro(@) — G (@) (2 — x)]zKr(xih_ x)

i=1 n

S lei (@)~ noe) = s (@) — )P ()

i=1 n

> @K (F) + 2 Y 6l (i) = (@) — () (@ — )] Kn (T +
i=1 n i=1 n

S [F (@) = ro(@) = G (@)@ — @) 2K (T )

i=1 n

L+1,+ 13

Let us first prove equation (3.3) under the condition that f(-) has continuous first-order deriva-

tive in [z, + hy,/2]. By similar auguments to those in Appendix A,

Now

I

I, = funoaznhn + o(nhy), a.s. (B.1)

= 23 alf (@) + (@)@ - @) Grol@) — G (@) i — ) + olha)} I ()
) () — s () D ik (D) s — 1) + o)
" i=1 n

= 2(f(z) —aro(2)) Z € K (
=1

= o(nhy) + o(h; 1) x O(nhy) x O(hy) + o(nhy,)

= o(nhy,)

(B.2)

In the third equation above, we have used the results that f(z) — a,o(z) = o(1), a.s., and f'(z) —

ar1(x) = o(1/hy), a.s., where the first result is from Theorem 3.1 and the second result can be

17



derived by similar arguments to those in Appendix A. It can be similarly checked that
Is = o(nhy,), a.s

By combining (B.1)-(B.3), we get equation (3.3).

Next we prove equation (3.4) under the condition that f(-) has a jump in [z,x + h, /2] at

x; = x + Thy where 0 < 7 < 1/2 is a constant. First,

N - wm wr 1 (x; — )
Qqr o\ =
r0(2) Zyz o ) wgmn 271

— )

= Z f(l'z)Kr( z—l')wr2 ZUrl ZL'Z_ + Z fZL'Z 7« _x)wT,Q_wr,l(xi

hn Wy (Wr2 — W

hn Wy oWy 2 —

i <Tr 7“ T;>T,

Ze —x wrg wr 1 (x; — )
’ I, Wy oWy 2 — w%l

= > (f-(@)+ 0(1))KT($ih; T\ Wy — Wea (; — )

T <Tr

2
Wy 0Wyr2 — wr,l

—x W2 — wp(T; — )

+ 3 (o (r) + dr + 0(1)) K (2

Ti>Tr

= f-(zr)+

2
hn Wy oWy 2 — wr,l

d. f1/2 K, (x)(vro — vp12)de
Vr0Ur2 — V24

+0o(1), a.s.

In the last equation above, we have used (A.4). Similarly we can check that

doa(z) = d, f1/2 (x)(vror — vy )dx
" h (UT’,OUT’,Z - 7}72«,1)

+o(1/hy), a.s

Then

12 K v vp1x)dx T, —
L = 2 Y elf(e)— f-(z) - dr ;" K (@) (0r2 — vraz)d

2
T <Tr Ur,0Ur,2 = U1 hy

1/2 (% Vp 1T )AT
2 > €lf(w) — f-(xr) — d: J; (2)(vr2 — vrax)d

2
T;>Tr Ur,0Ur,2 — 71,1 hn

" Ti— X 12 i V0T — Uy )d
QZei(xi—w)Kr( zhn )xd rJ77 K () (vro 1)d ©o(n)

B (Vr,0Vr2 — V7 1)

d f1/2 ( )(UT2 'Ur,lx)dl‘ Z K (xi—x

2
Vr,0Ur,2 — U7«71 T <Tr hn

le/Q K, (z)(vp2 — vpp2)de Ti—T
R— DY qu(h—n)Jro(nhn), a.s

)+

2d, (1 —
Ti>Tr

= o(nhy,), a.s.
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r,1

(B.5)

(B.6)



d, f1/2 (x)(vr2 — vp12)dx

2
UT’,OUT,Q 7«71

Is = > [f(@)—f(zr) -

Z‘i<f£7—
d, le/z K, (z)(vrox — vy 1)dx
hn(vr,ovr,2 - 7%1)

Z [f(xz) - f—(w'r)

(zi — w)PKT’(

d, f1/2 K, (z)(vp2 — vpp2)de
Ur 0Ur,2 — 'Uil

T;>Tr
d, f1/2 (@) (vr oz — vy )dx S
d r; — 2)|° K, + o(nhy,), a.s
W (UT’OUTQ 31) ( )7 K ( . ) + o(nhy)
1/2 p 12 g
— nh, / d I )(vr2 — - Up12)dx d I )(Uro:E2 UT’I)dmu]zKr(u)dujL
Ur,0Ur,2 = U1 Ur,0Ur,2 = Uy q
1/2 . 1/2
nh, / d Jo Kr(x)(vp2 2vr,1:13)d:n dr [777 Ky (z )(UT():Ez UT’I)d$u]2KT(U)dU+
Vr,0Ur,2 — 71 Ur,0Ur,2 — vr,l
o(nhy), a
= d2C?nhy + o(nhy), a.s (B.7)

By combining (B.1), (B.6) and (B.7), we get equation (3.4).
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