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Abstract

Sequential monitoring of temporal processes is essential in various fields for the early detection of
critical events, such as airplane failures or disease occurrences. This task typically involves sequential
decision-making across many related processes. Conventional statistical process control charts are gen-
erally designed for detecting an event of interest in a single process and thus inadequate for this task.
Recently, several versions of the dynamic screening system (DySS) have been developed to monitor a
population of processes. However, these DySS methods focus solely on the early detection of a single
event (e.g., the occurrence of a particular disease) and cannot handle scenarios where multiple distinct
events are involved. In practice, detecting multiple events is important and common. For example, we
may be concerned with several medical conditions in patients or different types of failures in airplanes.
This problem is significantly more challenging than single-event detection, as different events are often
interconnected and can occur at different times. To address this complexity, we propose the concept
of conditional risks for multiple events, utilizing single-index multinomial logistic regression modeling.
Based on this, we develop a new DySS method for the early detection of multiple events by sequential
monitoring of the related conditional risks. Numerical studies demonstrate that this method provides an

effective analytical tool for the early detection of multiple interconnected events.

Key Words: Conditional risks; Dynamic screening system; Multiple diseases; Multivariate longitudinal

data; Online process monitoring; Single-index model.

1 Introduction

In numerous fields, sequential monitoring of temporal processes is critical for the early detection of ad-
verse events, such as disease outbreaks and mechanical failures, that can lead to health, economic, and other
damages. For example, in manufacturing, real-time monitoring of machinery performance helps identify
early signs of mechanical failure, minimizing unexpected downtime and costly repairs. Across various ap-

plications, multiple adverse events, such as different diseases or types of mechanical failures, often arise



from shared root causes or risk factors, making it more efficient to detect them collectively (Salisbury et
al., 2011). For instance, medical conditions like heart disease, hypertension, and stroke are frequently
linked through common risk factors like high cholesterol levels and smoking habits. Similarly, in cyberse-
curity, data breaches and other network vulnerabilities often stem from sources such as software exploits
and phishing attacks (Tsochev et al., 2020). This paper aims to develop an analytical tool that effectively

detects multiple interconnected events within a population of sequentially observed processes.

In the literature, early detection of a single adverse event in a population of sequentially observed
processes can be achieved using the dynamic screening system (DySS), developed by Qiu and Xiang (2014,
2015). The DySS method identifies the adverse event by sequentially monitoring the observed risk factors
for each individual process in three main steps. First, the regular longitudinal pattern of event risk factors
is estimated using an in-control (IC) dataset collected in advance, containing observed risk factors from a
group of well-functioning subjects. This step employs nonparametric longitudinal modeling approaches.
Second, for a new subject under monitoring, the subject’s observed risk factors at the current observation
time are standardized based on the estimated regular longitudinal pattern. Finally, the standardized data are
evaluated using a built-in statistical process control (SPC) chart to determine if the related process is IC
or out-of-control (OC) at the current time point. Several modifications and generalizations of this method
address issues like serial correlation, high dimensionality, and other data complexities. For a comprehensive

description, see Qiu (2024).

In directly monitoring observed risk factors, the DySS approach traditionally treats all risk factors
equally, which limits its ability to account for the heterogeneous impacts of different factors on the event of
interest. Additionally, joint monitoring of multiple risk factors may become inefficient as dimensionality in-
creases. To address these limitations, You and Qiu (2020) proposed an alternative DySS approach consisting
of two main steps: i) A survival model is applied to observed times of the event in a training dataset, defining
event risk as a linear combination of relevant risk factors, and ii) For a new subject under monitoring, event
risk at each observation time is first calculated based on its observed risk factors and then monitored using
a control chart. This approach enables univariate monitoring of event risk, with the heterogeneous impact
of different risk factors captured through the estimated coefficients in the linear combination defining event

risk. An improved version of this method was suggested in Qiu and You (2022).

In the literature, there are some other recent methodologies for online monitoring of dynamic processes.
For instance, Liu et al. (2023) developed an in-profile monitoring (INPOM) control chart for monitoring a

sequence of dynamic processes. Zhang et al. (2025) developed another INPOM chart based on generalized



likelihood ratio testing. Ashraf et al. (2021) proposed an EWMA chart for disease screening based on se-
quential monitoring of disease risk factors for individual patients. Motivated by the application of passenger
flow surveillance, Li et al. (2024, 2025) developed dynamic modeling and online monitoring methods for

analyzing tensor data streams.

All existing methods discussed above focus on detecting a single adverse event (e.g., a specific disease
like stroke). To our knowledge, no existing methods are designed to detect multiple events in a population
of sequentially observed processes. This paper aims to address this methodological gap. Detecting multiple
adverse events poses a significantly greater challenge than detecting a single event, as multiple events may
not necessarily occur at the same time point. Beyond detecting individual events, it is also valuable to detect
events conditional on the presence of others, which introduces the concept of conditional risks, the risk
of some events given the presence of others. For example, in multimorbidity research, a patient who has
developed diabetes faces a significantly increased conditional risk of cardiovascular complications (Matheus
et al., 2013). In finance, the default of one company within a supply chain can notably increase the risk of
defaults in related businesses, underscoring the importance of monitoring conditional risks to understand

cascading effects (Scheibe and Blackhurst, 2018).

In this paper, we propose a novel method for monitoring conditional risks of related events, offering
a comprehensive tool for risk management and monitoring in applications requiring detection of multiple
adverse events. To quantify the risk of a single event, single-index modeling is often employed to create
a composite index that summarizes the impact of various risk factors on the likelihood of the event (e.g.,
Carroll et al., 1997; Cui et al., 2011). Related approaches have been extended to cases involving longitudinal
observations (e.g., Chowdhury and Sinha, 2015; Yi et al., 2009) and scenarios with multiple events and
longitudinal observations (Tian and Qiu, 2024a). While these methods allow for calculating marginal risks,

they do not support the computation of conditional risks.

To address this limitation, we propose a single-index multinomial logistic regression model to analyze
a pre-collected training dataset, deriving formulas to compute all possible conditional risks for the events of
interest. For a given conditional risk that quantifies the risk of one set of events occurring given the presence
of another set, its regular longitudinal pattern is first estimated using data from subjects in the training set
who experienced the latter set of events but not the former. For a new subject under monitoring who meets
this condition, its conditional risk at each observation time is then computed based on its observed risk
factors. A control chart is used to monitor these values over time by comparing the subject’s observed

longitudinal pattern of conditional risk with the estimated regular pattern. The chart makes its decision



based on the cumulative difference between the two patterns up to the current time point. In other words,
the control chart sequentially tests the null hypothesis that the subject’s conditional risks up to the current
time point follow the regular longitudinal pattern, continuing until a signal is triggered. Numerical studies
show that this method provides an effective analytical tool for detecting multiple events across a variety of

scenarios.

In contemporary machine learning literature, several approaches, such as the REverse Time Atten-
tloN model (RETAIN) and Random Forests for Survival, Longitudinal, and Multivariate data analysis (RF-
SLAM), achieve dynamic risk modeling by incorporating time-varying covariates, historical event occur-
rences, and nonlinear interactions (Choi et al., 2016; Wongyvibulsin et al., 2020). In the context of disease
risk prediction, RETAIN employs a reverse-time attention mechanism to highlight the most influential past
visits for forecasting future disease onset, whereas RF-SLAM extends random forests to handle time-to-
event outcomes using time-varying covariates. While these methods provide accurate estimates of time-
dependent marginal and conditional risks, they typically identify high-risk cases using ad hoc thresholding
or observed upward trends. As such, they lack a formal sequential monitoring framework for controlling
false-alarm rates over time. In contrast, our proposed method integrates risk estimation with SPC charts,
enabling real-time surveillance of conditional risk trajectories in new subjects. This integration allows for
proper control of the average time to false signals, thereby facilitating the prompt and reliable detection of

emerging adverse events.

The remainder of the paper is organized as follows: Section 2 details each main step of the proposed
method, Section 3 presents simulation results to assess its numerical performance, and Section 4 provides
a real-data example to illustrate its application. Several concluding remarks are given in Section 5, with

additional technical details and numerical results presented in Appendix.

2 Proposed Method

The proposed method involves the following key steps. First, a single-index multinomial logistic regression
model is fitted to a training dataset, defining all possible conditional risks for the events of interest (e.g.,
diseases, machinery failures). Second, The regular longitudinal pattern of a given conditional risk is esti-
mated using the observed data from appropriately defined “well-functioning” subjects within the training

dataset. Third, for each new subject under monitoring, the conditional risk of interest is computed at the



current observation time, standardized, and decorrelated from its values at previous time points using the
estimated regular longitudinal pattern. Finally, an SPC chart is constructed to monitor the standardized and
decorrelated conditional risk, enabling the determination of the event status at the current time. A detailed

explanation of each step is provided in the subsections below.

2.1 Single-index multinomial logistic regression modeling

Suppose we have ¢ adverse events in concern, there are a total of p risk factors of these events, and a

training dataset containing their longitudinal observations of M subjects is collected in advance. Let Y;; =

(Yij, .- ,Yijq)T and X;; = (Xjj1,. .. ,Xijp)T be the observations of the binary responses (i.e., status of
q events) and covariates (i.e., risk factors) of the ith subject at time ¢;; € [T1,Ts), where j = 1,...,m;,
i=1,...,M, and [T1, T3] is a given time interval. For each ¢ and j, there are a total of ¢* = 2 different

values for Y;;, denoting ¢* possible event statuses. Let Z;;; = 1 denote the presence of the kth event and 0
otherwise, for k = 1,...,¢". Without loss of generality, let Z;;,« = 1 denote the case when none of the ¢

events are present at time ¢;;.

The observed data in the training dataset are assumed to follow a single-index multinomial logistic
regression model: forj =1,...,m;,i=1,...,M,andk=1,...,(¢* — 1),

P(Zijq = 11X, bi)

} =y, (BLXij) + bk, (1)

where {1;(-)} are smooth but unknown link functions, and {3 } represent single-index coefficient vectors,
each satisfying the conditions BkTﬁk = 1 and having nonnegative first element. For Model (1), the vector
b; = (bi1,. .. ,bi(q*_l))T captures random-effects for the ith subject to account for both between-subject
variation and within-subject correlation. It is routinely assumed that {b;,7 = 1,..., M} are independent
and identically distributed (i.i.d.) following the common distribution N(4-_1)(0, 3), where 3 is a (¢* —
1) x (¢* — 1) covariance matrix. For simplicity, we assume that ¥, = D;/ 2Rb(pb)D;/ ? where D, =
diag{o2,..., O'g(q*il)} is a diagonal matrix of variances, and R;(py) is a correlation matrix with 1s on the
diagonal and py, for all off-diagonal elements. While the single indices {B,{Xij} are linear combinations of
the covariates, they allow for different coefficient vectors across events, enhancing flexibility. Together with

the inclusion of the link functions {9 (+) }, this makes Model (1) quite adaptable to varying data structures.

Model (1) can be estimated by using Monte Carlo expectation-maximization (EM) algorithm and kernel

local smoothing methods, as described below. First, the log-likelihood function of Model (1) can be written



as:

1(6;Z,Db)
log {f(Z|X, b, {¢n},{B})f(b[)}

M m; q*
= 3D Zinlostina) +z{

i=1 j=1 k=1

-1 1 1
log(2r) — ; log | 3| — QbiTEb_le} :

where fork =1,...,(¢* — 1),

eXp{wk (BZ:X'L] ) + blk}

1+ Z =1 exp{ws(,BTXU) + bzs}
1

1+Z =1 exp{¢s( Z])_{_biS}.

wijk = P(Ziji = 11X45,b;) =

tijgr = P(Zijgr = 11X, by;)

Let Z;j. = (Zij1, .- -, Zijq*)T and Z;.. = (Zzi,, R Zg;ni,)T foreach i and j, Z = (Zf_, e Zﬂ”)T,
b = (b?,...,b%,)T, and 0 denotes a combination of {3}, {2}, p, and {15 (-)} used in Model (1). Then,

for a given k, @Z)k(ﬁngj) could be approximated by a local linear expression
Yk (B Xjr) + i (B Xy )Bi (Xij — Xyrr)

when f)’gXi/j/ is close to BkTXZ-j. If the values of 1, and 1/1;: evaluated at ﬁ,{Xij are denoted as as a;;, and

cijk- respectively, then the conditional log-likelihood log f(Z|X, b, {¢;}, {B«}) can be approximated by

IOg f(Z’X’ b7 {ﬁk}v a, C)
M m; my |qg*—1 g —1

Z Z Z Z Zzyknzﬂ 'k — 10g 1+ Z eXp Migi! ]'k Wigil j's

i,i/=1j5=135'=1 | k=1

where
Hq vy Khy, [,@;{(X” - Xi/j')]
Wit 5 i3 P T ;
Zi:l Z [H 1 Kho, {ﬂk (Xij - Xi/j’)}]
Mgy = e+ cojuBL (Xij — Xargr) + bi,
a = (af,af,,...,al, ,al ... ,a}\}mM_)T, c = (cf,cly, ... el el 7C%4mwf.)T, a;j. =
(aijl, cee 7aij(q*—1))T’ Cij. = (Cz‘jl, ey Cz‘j(q*—l))Tv for ] = 1, ceey My and 1 = 1, ey M, KhOk(') =

K(-/hox)/hok, fork =1,...,(¢* — 1), K(-) is a density kernel function, and {hg} are ¢* — 1 bandwidths
for estimating the ¢* — 1 link functions. The kernel function in this paper is chosen to be the Epanechnikov

kernel function K (u) = 0.75(1 — u?)I(Ju| < 1) for its good statistical properties (Epanechnikov, 1969).



To estimate the unknown parameters, we minimize the loss function /;(@), defined below as the con-
ditional expectation of the approximate log-likelihood over the posterior distribution of the random-effects

coefficients b with respect to {Bx}, a, ¢, {o,}, and pp:

l1(9> - Eb|Z7Eb,{,3k,},a,c {log f(Z‘Xa b7 {Bk}? a, C) log f(b‘zb) |Za 2b7 {/Bk}v a, C} . )

Appendix A provides a detailed description of an iterative algorithm for solving this minimization, along

with practical guidelines for selecting bandwidths in estimating the link functions.

In practice, a large number of potential risk factors for adverse events are often considered to avoid
omitting important ones. However, this approach can inadvertently include factors with minimal impact on
the events, increasing the variability of parameter estimates and weakening the model’s predictive power.
To mitigate this effect, we suggest using the LASSO method (Tibshirani, 1996) to shrink the estimated
coefficients of unimportant risk factors toward zero. Specifically, we apply the following adaptive LASSO

procedure to estimate the parameters:

1 q
2(0) = ——3—1(0) +v Z Zwkd’,@kd’7 3)
2 i=1 M k=1 d=1
where 7 is a non-negative regularization parameter, and {wq = 1/]§kd], k=1,...,(¢"=1),d=1,...,p}

are the adaptive LASSO weights (Zou 2006). The vectors Ek = (Ekl, e Ekp)T fork=1,...,(¢" — 1)
represent the estimates of {3 }, obtained by minimizing the objective function in (2). Appendix B provides
practical guidelines for minimizing the objective function in (3) and for choosing . The final estimates of

{11} and {8y} obtained from this procedure are denoted as {Jk} and { ,@k}, respectively.

2.2 Conditional risks and their regular longitudinal patterns

After fitting the single-index multinomial logistic regression model (1) based on the training dataset, we can
compute different conditional risks. The conditional risks are defined to quantify the likelihood of one or
more adverse events given the presence of some others. As a demonstration, consider the case when there
are ¢ = 3 adverse events. In this setting, there could be ¢* = 22 = 8 possible event statuses, and the
single-index multinomial logistic regression model (1) with ¢* — 1 = 7 non-redundant levels becomes: for
j=1....myi=1,... M,andk=1,...,7,

o {P(Ym = y1, Yijo = 2, Yij3 = y3| X5, b;)
P(Yij1 = 0,Yi52 = 0,Y53 = 0|1X;5, by)

} =y, (BF Xij) + bk, “4)

where Y1,Y2,Y3 = 0 or 1 but (ylay27y3) # (03030)



Various conditional risks can be computed from Model (4), as demonstrated in the following three
examples. In Example 1, assume that we would like to detect event 1 given the absence of events 2 and 3.

In such a case, the conditional risk can be defined to be: for each ¢ and j,

logit{P(Y;j1 = 1|Yij2 = 0, Vi3 = 0,X;5,b; = 0)}

= IOg{ ]P)()/ijl —~ HYVZ‘]‘Z - 07}/;]‘3 - vaijvbi - 0) }
1= P(Yjj1 = 1]Yij2 = 0,Yj;3 = 0, X5, b; = 0)

= log {P(Yiﬂ =1,Yij» = 0, ¥ijs = 0]X5, b; = 0)}
P(Yij1 = 0,Yj;2 = 0,Y553 = 0[X5,b; = 0)

= 91,00) (B{100)Xis)»
where the logit function is defined to be logit(u) = log[u/(1 — )] for u € (0, 1).

In Example 2, the conditional risk for detecting event 2 given the absence of event 1 and presence of

event 3 can be defined to be: for each ¢ and j,

logit{P(Yjjo = 1|Y;51 = 0,Yj;3 = 1, X5, b; = 0)}

]P) 1]2—1|}/z]1—0 Y;]B_l ijab —0) }
1]2 - 1|Y;ﬂ =0 }/;]3 =1 Xzyab — 0)

( ij1 — =0 YZJ2 1 YZJ3 — 1|Xl]’b —0)}

( 151 =0 Yw2 =0 Y%J?) —0|Xzy7b —0)

log{ ( zgl—o }/;,j2_0 }/133—1|X137b _0)}
( iyl — =0 1/1]2 - 07 }/1]3 - 0|XZ]7b’L - 0)
= (0.1,1)(B 01,1 Xi5) — w(o,o,l)(ﬁam)xz’j)-

In Examples 1 and 2 above, the conditional risks are for detecting a single event given pre-existing

conditions. In Example 3, we consider detecting multiple events. Specifically, the conditional risk for

detecting events 1 and 2 given the presence of event 3 can be defined as follows: for each ¢ and j,

logit{P(Vi;1 = 1,Yijo = 1|Y;js = 1,X,;,b; = 0)}
=log {P(Yij1 = 1,Yije = 1|Yij3 = 1,X45,b; = 0)}
—log {P(Yij1 = 0,Yij0 = 1|Y;j3 = 1, X5, b; = 0) }
—log {P(Yij1 = 1, Vijp = 0|Yij3 = 1, X5, b; = 0)}
—log {P(Y;j1 = 0,Yijs = 0|Y;j3 = 1,X;5,b; = 0)}
eXP(w(l,l,l)(IB(l 1,1) X )) }

)

= log
{eXp(¢(0,1,1)(5(T071,1)X 1)) +exp(¥ o 1)(:3(170,1 Xij)) + exp(¥0,0,1) (5(T0’0,1)Xz‘j))




In the above three examples, a single conditional risk is considered. However, in some scenarios, it
becomes necessary to evaluate multiple conditional risks simultaneously, as illustrated in Example 4 below.
Suppose we want to detect the occurrence of exactly one event given the absence of other events. In such

cases, the following three conditional risks can be jointly monitored: for each ¢ and j,

logit{P(Yj;1 = 1|Y;j2 = 0,Y53 = 0, X5, b; = 0)} ¥(1,0,0) (55,070)}%’)
logit{P(Yij2 = 1|¥ij1 = 0, Vi3 = 0,Xy5,b; = 0)} | = | %0,1,0)(8(1,0)Xis)
logit{P(Y;j3 = 1|Y;j1 = 0, Yije = 0,X;5,b; = 0)} 7/)(0,0,1)(/6%7071))(27')

From the above examples, it is evident that various conditional risks can be defined using Model (4)
for detecting one or more events given the pre-existing status. For the ith subject at the jth observation
time t;;, let v;(t;;) = (ri1(tij), ... rie(ti;))T represent the ¢-dimensional vector of conditional risks of
interest, where £ > 1. Once Model (4) is estimated, the estimate of r,-(tij) can be computed, denoted as
Ti(tij) = (Fir(tij), - .., 7ie(ti;))T. Next, we aim to estimate the regular longitudinal pattern of T;(t;;) to
facilitate early identification of the event status of interest for new subjects. Without loss of generality,
let us assume that the first M; subjects in the training data are well-functioning (or IC) during the whole
time interval [T7,7»]. The remaining M — M, subjects are thus considered OC during [T}, T3]. Here,
“well-functioning” or “IC” subjects corresponding to a conditional risk of interest are those who meet the
condition of the conditional risk and do not experience the events to detect in the study period [17, 7).
For example, if the conditional risk of event 3 given the presence of events 1 and 2 is our concern, then
“well-functioning” subjects related to this conditional risk are those who experience events 1 and 2 but do

not experience event 3 in [17, T5].

For the M; IC subjects, the quantities T;(¢;;) are assumed to follow the multivariate nonparametric

longitudinal model:
Ti(tij) = pr(tiy) +eriltiy), 3=1,....my, i=1,... M, )

where p(tij) = (pr1(tij), - pre(tij))? is the mean vector, and &, ;(t;;) = (eri1(tij), - - -, erie(tij))’
represents the zero-mean error term. For any s,t € [0,7], the covariance structure of the error term is
described by the covariance matrix function V,.(s,t) = cov(e,;(s), €, i(t)). To estimate Model (5), we
employ a modified version of the estimation procedures described in Li (2011) and Xiang et al. (2013).

Detailed information on the estimation procedure for Model (5) is provided in Appendix C.



2.3 Online monitoring of conditional risks

To detect target events early for a new subject, given the subject’s current event status, the estimated con-
ditional risks, denoted as i"\(tj»), can be computed using the observed risk factors and the estimated model
(4). Here, {t,j > 1} represent the observation times of the new subject. When calculating r(t}), a
boundary issue may arise. From the definition of conditional risks in Section 2.2, ?(t;f) is derived using
the estimated link functions {Jk} and single-index coefficients {3} through the expression @k(,@gX(t;‘))
both of which are obtained from the training dataset. However, {Jk} are defined only within the range of
{BkTXij,i =1,....M,5=1,...,m;,k=1,...,¢° — 1}, denoted as [uin, Umaz|, Which is determined
by the training data. For a given k = 1,...,¢* — 1, the values of {B\{X(t;),j > 1} for the new subject

could fall outside the range [t in, Umaz|- This would render some values of ?(t;) undefined.

To address this boundary issue, we propose fitting a linear model for the following data points re-
spectively: {(B] Xyj, V(B Xi5)), BEXij € [trmins tmin + hox]} and {(BF X5, r(BF Xij)), BF Xij €
[Umaz — Poks Umaz] }- Using these linear models, we can extrapolate to estimate the values of @k(ﬁgX(tj))

for cases where BgX(t;) lies outside the range [tmin, Umaz)-

Next, we employ an SPC chart to sequentially monitor the new subject’s estimated conditional risks,
{r(t;),j > 1}. Conventional control charts, typically designed for scenarios where IC process observations
are independent and identically distributed (i.i.d.) (Qiu, 2014), are not suitable for the current problem
as the i.i.d. assumptions may be violated. To address this limitation, Li and Qiu (2016, 2017) introduced
sequential data decorrelation and standardization procedures for both univariate and multivariate process
monitoring. Subsequently, You and Qiu (2019) and Tian and Qiu (2024b) proposed computationally more
efficient versions of these procedures. The multivariate approach described in Tian and Qiu (2024b), which
focuses on data decorrelation and standardization for multivariate processes, is briefly outlined below. The

univariate procedure can be implemented in a similar manner.

e Atthe first time point ¢}, the standardized value of 7(¢}) is defined to be (1) = {V,.(¢%, 1)} ~V/2{8(t1)—
pr(t7)}. Define U, = {V, (tt, 1)} /2 for subsequent use.

o Att; whenj > 2,7(¢}) needs to be standardized and decorrelated with conditional risks at all previous

time points. Let ﬁj = @7, ... ,?(t;‘f)T)T and denote the estimate of cov(ﬁj, IA{]) as



where Kj_l,j = (\A/'r( 1, ;)T, e ,\A/r( i1 ;)T)T. Then, the standardized and decorrelated version

of T(t) is defined to be
~ % N—1/2 [~/ % -~ * T Trx
s(t) =D,V {5(t)) - () — T2}

where Lj = U;_1A;_1;, Z5_, = (&(t}),...,8(ti_,))T. D; = V,.(t},5) — LTL;, and U; can be

recursively updated by

. U, 0

Ui=1 «. /2075 ~1/2
D 71y . N
D, ""L;U;—1 D;
As a side note, f);l/ 2 may not always exist, as D ; might not be a positive semi-definite matrix. If D ;j is not
positive semi-definite, we recommend modifying it to ensure positive semi-definiteness using the algorithm

proposed by Higham (1988).

After the above data standardization and decorrelation, the transformed conditional risks become {e(t), j >
1}, which are asymptotically uncorrelated, with each having an asymptotic mean of 0 and an asymptotic
identity covariance matrix. To sequentially monitor these transformed conditional risks, we propose using
the following multivariate control chart. This chart accommodates unequally spaced observation times and
is designed to effectively detect upward mean shifts in the conditional risks. Let w > 0 represent a basic
time unit such that all observation times are integer multiples of w. Thus, we have {t;‘ = n;‘-w, j > 1}, where

nj is a positive integer denoting the jth observation time in units of w. At time ¢}, the charting statistic is

defined to be BT E], where B = (E},..., E},)T,
Ef,. = max [0, (1= AEYES o+ AE)ER ()], forj>1, € =1,....¢, ©6)

El =0, €p+(t7) is the £*th element of €(t}), A(t]) =1 — (1 — N2 A =E(A)), A = n;—ni_j, Aisa

smoothing parameter, and
A(t; )

A(t*) = (1 _ )\)A]’ —i—A(t;_l),

J

for j > 2.
The chart signals an upward mean shift in the multivariate conditional risks if

EFES > ), @
where p > 0 is a control limit.

From (6), it is evident that A and {A;, j > 1} determine the weights assigned to historical data when

calculating the charting statistic values. These weights decay exponentially for older data, while the un-

11



equally spaced observation times are accounted for through {A;,j > 1}. Since the adverse events of in-
terest would increase the associated conditional risks, a one-sided structure is used in (6) to prevent signals

from being triggered by downward shifts in any dimensions of the conditional risks.

In the SPC literature, the performance of a control chart is typically measured by the average run
length (ARL) (Qiu, 2014). However, when observation times are unequally spaced, the ARL metric is not
a meaningful performance measure. To address this limitation, Qiu and Xiang (2014) proposed using the
average time to signal (ATS) in the basic time unit w for such scenarios. With this performance metric, the
in-control ATS value (ATSp) is typically pre-specified at a desired level, and a chart is considered more

effective in detecting a given shift if its OC ATS value (AT'S1) is smaller.

In control chart (6)-(7), the smoothing parameter X is usually pre-specified, while the control limit p
must be chosen to achieve the desired AT'S value. Since the transformed conditional risks {€(}), ..., e(t})}
may not follow a normal distribution, the bisection search procedure that relays on Monte Carlo simulations
with standard normal data, as discussed in Qiu and Xiang (2014) and Li and Qiu (2017), is not applicable
for selecting p. To address this challenge, we recommend using the block bootstrap procedure described in
Qiu and Xiang (2014). In this approach, the training data is divided into two halves. The first half is used to
estimate Model (1) and the regular longitudinal pattern of the event risks of interest, and the second half is

utilized to determine the value of p.

To conclude the section, Figure 1 summarizes key components of the proposed DySS method and

illustrates the sequential decision-making procedure.

3 Simulation Studies

In this section, we evaluate the numerical performance of the proposed method through simulation results.
The simulation settings are described as follows. First, observation times for all subjects are confined to
the study period [0, 1], with a basic time unit of w = 0.01. For simplicity, the number of observation times
for each subject is assumed to be equal and denoted by m. The jth observation time for the ith subject,
t;j, is defined as n;;w, where n;; is the ceiling of a random value generated from the uniform distribution

Unif(100(j — 1)/m, 1005 /m), for each ¢ and j.

Second, we assume there are p risk factors associated with ¢ = 3 adverse events of interest. We

begin by focusing on the case where p = 10 in Sections 3.1 and 3.2, and then examine the impact of
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Figure 1: Diagram of the proposed DySS method for online monitoring of selected conditional risks.

increasing p on the performance of the proposed methods in Section 3.3. When p = 10, let X;(¢t) =
(Xi1(t), Xi2(t), ..., Xi10(t))T denote the vector of these risk factors for the ith subject at time ¢. Their IC

observations are generated using the following mixed-effects models:
Xid(t) = Hw,d(t) + Gig + TQO'%d(t)Eid(t), ford=1,...,10, (8)

where the mean functions {yi, 4(t),d = 1,...,10} are defined as follows: 1,1(t) = 0, f15,4(t) = t/2 for
d=2,3,4, pza(t) = 0.5t + 0.5t for d = 5,6, 7, and p, 4(t) = cos(2rt)/2 for d = 8,9, 10. The random-
effects term ({1, . .., (i10)” is generated from Ny(0, ), where 3, is an exchangeable covariance matrix
with diagonal elements 1 and off-diagonal elements 7;. Thus, 71 and 7o are two parameters controlling the
magnitude of between-risk-factor correlation, while 7 also controls the magnitude of the within-subject
correlation. For the simulation studies, we set 71 = 0.2 or 0.5 and 75 = 1 or 1.5, allowing for scenarios with
small or large within-subject and between-risk-factor variability. The variance functions o, 4(t) are defined
as follows: 0,.1(t) = 1, 04,4(t) = log(1 + 5t)/2 for d = 2,3,4, 0, 4(t) = 1/(1 +t) ford = 5,6,7, and
02.4(t) = sin(3nt)/3 for d = 8,9,10. The pure measurement error €;(t) ford = 1,...,10 are i.i.d. and
generated from either a standard normal distribution or a standardized x?2 distribution with zero mean and

unit variance.
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Third, for the ¢ = 3 adverse events, there are a total of ¢* = 8 possible event statuses at any given time.
The IC probability distribution of these statuses is assumed to follow a single-index multinomial logistic
regression model: for j =1,...,mand:=1,..., M,

o {P(Yzjl = y1, Yijo = 2, Yijz = y3|Xi(ts), bi)
P(Yij1 = 0,Yi2 = 0, Y53 = 0[X;(ti5), bs)

} =1 (B Xi(tij)) + bi, )]

where k € K = {(1,1,1),(0,1,1),(1,0,1),(1,1,0),(1,0,0), (0,1,0), (0,0, 1) }. The random-effects term
b = (bi1,1,1))> - - - ,bi(()’o,l))T is generated from a multivariate normal distribution N7(0, X), where 3, is
an exchangeable covariance matrix with diagonal elements 1 and off-diagonal elements 0.1. The true values

of the single-index coefficients are set as follows:
6(1,1,1) = (35 27 ]-7 17 27 17 17 27 17 1)/ \ 157

B = (2,0,0,0,2,1,1,2,1,1)/V10,
B = (2,2,1,1,0,0,0,2,1,1)/V10,
B = (2,2,1,1,2,1,1,0,0,0)/10,
Baoo = (1,2,1,1,0,0,0,0,0,0)/V5,
B0 = (1,0,0,0,2,1,1,0,0,0)/V5,
B,y = (1,0,0,0,0,0,0,2,1,1)/v/5.

By using these values, it is assumed that the first risk factor X;;; contributes to all three adverse events, the
risk factors X 2 to Xj;4 contribute only to the first event, the risk factors X;;5 to X;;7 contribute only to
the second event, and the risk factors X ;s to X;;10 contribute only to the third event. The link functions are

assumed to be

Yr(u) = u/2, Po(u) = h3(u) = a(u) = {sin(ru/8)/2 + 1}u/2 — 1/2,
s (u) = ve(u) = P7(u) = {exp(u/5)/5+ 1}u/2 — 1/2.

In each simulation study, a training dataset with M subjects is first generated. Three-fourths of these
subjects are generated from the IC model (9), while the remaining one-fourth are generated from an OC
model. The OC model is identical to the IC model except that the risk factors have an OC mean given by
(1) +1%,6% //10, where . (t) = (a1 (), - - -, pz10(2))7 is the IC mean, 119 is a 10-dimensional vector
of ones, and 0* is a random number generated from Unif[0, 3]. Thus, §*/4/10 represents the shift size in

each risk factor. From the discussions about conditional risks in Section 2.2, it can be easily checked that
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such shifts in risk factors would lead to shifts in the corresponding conditional risks to be monitored. Since
conditional risks are not directly observable, it is more practical to work with risk factors when generating

observed data for a given number of IC or OC subjects in the training dataset.

Next, half of the training data, consisting of My = M /2 subjects, is used to estimate Model (1), and the
regular longitudinal pattern of the estimated conditional risks computed based on the estimated model (1)
is determined using the observed data from the well-functioning subjects in that part of the training data, as
discussed in Sections 2.1 and 2.2. The observed data from the well-functioning subjects in the second half
of the training dataset are used to determine the control limit of the chart (6)-(7), as discussed in Section 2.3.

When splitting the training data, we maintain a 3 : 1 ratio of IC to OC subjects within each subset.

Once the training data are generated, the conditional AT'Sy (or AT'S;) value, given the training data,
is computed based on 1,000 simulations of online process monitoring. This entire process, from generating
the training data to calculating the AT'Sy (or AT'Sy) value, is repeated 100 times. The average of these 100
conditional AT'Sy (or AT'S7) values serves as an estimate of the actual ATSy (or AT'S7) value, with its

standard error also computed. In all simulation studies, the nominal AT'Sy value is fixed at 25.

We begin by presenting numerical results for estimating Model (9). Table 1 shows the sum of squares
of estimation error (SSE) for the single-index coefficient vectors 3 : k € K under scenarios with and with-
out the adaptive LASSO penalty in model estimation. These results are based on cases where the pure
measurement error follows a normal distribution. The SSE is defined as

PO 2
SSE =" (Bua— Bra) -
reK d=1
The corresponding standard errors are shown in parentheses in the table. From the results in Table 1, we
observe that the SSE and its standard error decrease as the number of subjects (M) and/or the number of
observation times (m) increase, indicating improved estimation accuracy with larger sample sizes. Further-
more, for the same sample size, the use of the adaptive Lasso penalty effectively reduces both the SSE and
its standard error, demonstrating its utility in enhancing estimation performance. Results for cases where the
pure measurement error follows a chi-square distribution are presented in Table A.1 in Appendix D. These

results lead to similar conclusions.

Next, we examine the numerical performance of the control chart (6)-(7) across four scenarios corre-
sponding to Examples 14 discussed in Section 2.2. In Scenario 1, the focus is on monitoring the conditional

risk of Event 1, given the absence of Events 2 and 3. For a new subject with observation times {t;, gt > 1},
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Table 1: Sum of squares of estimation error (SSE) of the estimated single-index coefficients in Model (9)
across various cases when the pure measurement error in Model (8) has a normal distribution. Standard

errors are provided in parentheses.

m=25 m = 10

(11, 72) My No penalty LASSO penalty No penalty LASSO penalty
200 2.906 (0.170) 2.435 (0.104) 1.541 (0.052) 1.419 (0.045)
0.2,1) 300 1.032 (0.068) 0.838 (0.068) 0.489 (0.032) 0.458 (0.030)
500 0.390 (0.024) 0.262 (0.020) 0.290 (0.012) 0.218 (0.011)
200 3.179 (0.226) 2.626 (0.136) 1.541 (0.049) 1.422 (0.045)
0.2,1.5) 300 1.818 (0.156) 1.457 (0.092) 0.676 (0.034) 0.617 (0.031)
500 1.338(0.114) 0.895 (0.056) 0.580 (0.017) 0.437 (0.012)
200 1.564 (0.076) 1.289 (0.068) 0.531 (0.014) 0.481 (0.011)
(0.5,1) 300 0.540 (0.036) 0.444 (0.031) 0.274 (0.020) 0.239 (0.018)
500 0.314 (0.021) 0.204 (0.014) 0.119 (0.002) 0.090 (0.002)
200 2.565 (0.175) 2.076 (0.105) 1.826 (0.053) 1.611 (0.048)
(0.5,1.5) 300 1.140 (0.057) 0.902 (0.053) 0.603 (0.018) 0.516 (0.014)
500 0.403 (0.042) 0.269 (0.020) 0.201 (0.008) 0.149 (0.007)

the goal is to sequentially monitor the conditional risk:

In Scenario 2, the focus is on monitoring the conditional risk of Event 2, given the absence of Event 1 and

Tt

) = IZ(1,070) (B(ji,o,o)x(t

))-

the presence of Event 3. In this case, the conditional risk to be monitored is:

In Scenario 3, the focus is on monitoring the conditional risk of Events 1 and 2, given the presence of Event

3. The conditional risk to be monitored has the expression:

(t5) = 0,1, (B 1.0 X)) — bo,0.1) (Blo.ony X(E)).

eXP(¢(1,1,1)(B&Lnx(@)))

=

=

7(t5) = log =
’ { eXp(¢(0,1,1) (13387171)X(t}k))) + exp(¢(1,0,1)(/8’57071))((75?))) + eXp(w(U,O,l) (6&7071)X(t;k>))

In Scenario 4, the goal is to detect each of the three events, given the absence of the others. In this case, we
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need to sequentially monitor the following multivariate conditional risk:

(13) = [D01.00)Bh 00X 1), B0 Bl 1.0y X (). Doy B o, X(11)]
j (1,0,0)\~(1,0,0) 3 /75 %(0,1,00\M(0,1,0) 3775 %(0,0,1)\M(0,0,1) j

The proposed method described in Section 2.3, referred to as CRM (Conditional Risk Monitoring), is
compared with four competing approaches. First, a simplified version of the proposed method that excludes
the adaptive LASSO penalty in estimating Model (1) is denoted as CRM\ L. Second, the multivariate DySS
(MDySS) method introduced by Qiu and Xiang (2015), which monitors the observed event risk factors
directly after standardization by the estimated regular longitudinal pattern, is denoted as MDySS-std. Third,
the multivariate DySS method proposed by Li and Qiu (2017), which monitors standardized and decorrelated
event risk factors, is referred to as MDySS-dec. Fourth, we include the RF-SLAM method (Wongvibulsin
et al., 2020). In RF-SLAM, the longitudinal follow-up data of each subject are reformulated into a series of
counting process information units (CPIUs), defined over a sequence of pre-specified time intervals. Each
CPIU includes the subject identifier, interval index, baseline and time-varying risk factors, and event status
indicators. For each simulation run, an ensemble of 1,000 trees is constructed using training data from M
subjects. For a new subject, the conditional risk at each observation time is defined as the probability of
experiencing the target event, given the statuses of other events at that time. This risk is estimated based
on the subject’s previous risk factor values and event status indicators. To ensure comparability with the
other methods, CPIUs are defined over consecutive intervals of equal length, with the length being the basic
time unit w = 0.01. A signal is generated for a new subject if the estimated conditional risk exceeds a

pre-specified threshold.

For the first four methods that use control charts, control limits are determined using the block bootstrap
procedure described at the end of Section 2. For RF-SLLAM, the threshold for triggering a signal is set as a
specified percentile of the conditional risk distribution, computed from the observed data of IC subjects in
the second half of the training dataset, as discussed about the block bootstrap procedure at the end of Section

2.

3.1 IC performance of the proposed method

For the case where 7 = 0.2, 7o = 1, the pure measurement error follows a standard normal distribution,
and the conditional risk of interest is the one in Scenario 1, the actual AT'S, values for the different methods

are presented in Table 2 across various settings. From the table, the actual AT'S, values for the first four
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methods, CRM, CRM\ L, MDySS-std, and MDySS-dec, fall within 5% of the nominal AT'Sj value of 25
in all cases. Additionally, as the number of subjects (M) increases, the actual AT'Sy values for all of them
converge closer to the nominal AT'Sj value. These findings confirm the effectiveness of the block bootstrap
procedure discussed in Section 2 for determining the control limits of the control charts. For RF-SLAM,
the threshold is set at the 35th percentile of the estimated conditional risk of interest, calculated using the
second half of the training data. While this threshold yields an actual AT'Sy value close to the nominal
level of 25 when My = 200 and m = 5, the actual AT'Sy values under other sample size settings deviate
substantially from the nominal value. Between the two methods, CRM and CRM\L, it is observed that
CRM consistently exhibits a smaller standard error for the computed actual AT'Sy values in all cases. This
is likely due to the reduced variability in the estimated conditional risk achieved by CRM, which shrinks
the estimated single-index coefficients for unrelated risk factors to zero. Additional results, including the
actual AT'Sy values for Scenarios 2—4 and scenarios with chi-square distributed pure measurement error,

are presented in Tables A.2—-A.8 in Appendix D. Similar conclusions can be drawn from those results.

3.2 OC performance of the proposed method

Next, we evaluate the OC performance of various control charts under consideration when My = 500 and

m = 10. In Scenario 1, the observed risk factors are generated based on the following OC model:
X*(t) = X(t) + (1,2,1,1,0,0,0,0,0,0)T5/V/10,

where X(t) represents the vector of IC risk factors discussed earlier, and ¢ controls the magnitude of the
mean shift, varying from O to 3. Since Event 1 is assumed to be associated exclusively with the first four
risk factors, it is reasonable to introduce shifts in these factors when detecting the first event in the absence
of the other two events in Scenario 1. Similarly, in Scenario 2, the observed risk factors are generated using

the following OC model:
X*(t) = X(t) + (1,0,0,0,2,1,1,0,0,0)76/+/10.
In Scenario 3, the observed risk factors are generated using the OC model:
X*(t) = X(t) + (2,2,1,1,2,1,1,0,0,0)78 /v/10.
In Scenario 4, the observed risk factors are generated using the OC model:
X*(t) =X(t) + (1,1,1,1,1,1,1,1,1,1)76/v/10.
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Table 2: Computed AT'Sy values (standard errors) of the charts CRM, CRM\L, MDySS-std, MDySS-dec

and RF-SLAM in Scenario 1 when 71 = 0.2, 79 = 1, the pure measurement error in (8) is normally

distributed, and the nominal AT'Sy value is fixed at 25 for all methods.

Computed AT'Sy (SE)

A om M CRM CRM\L MDySS-std MDySS-dec RF-SLAM

200 25.661 (0.243)  25.699 (0.246)  25.723 (0.066)  25.668 (0.082)  25.076 (0.103)

5300 25.252(0.212) 25.188(0.237)  25.173(0.060)  25.450 (0.073)  23.960 (0.098)

0.05 500 25223 (0.203) 25.112(0.222)  25.192 (0.060)  25.291 (0.070)  20.527 (0.081)
200 25250 (0.215) 25.216 (0.242)  25.299 (0.062)  25.362 (0.076)  23.036 (0.085)

10 300 24.687 (0.208) 25.001 (0.209)  24.955(0.059)  25.043 (0.070)  19.012 (0.082)

500 24.848 (0.192) 24.814 (0.210)  24.856 (0.055)  24.896 (0.067)  16.776 (0.060)

200 25.524(0.233) 25454 (0.252) 25.678 (0.075)  25.673 (0.097)  25.076 (0.103)

5 300 25.123(0.215) 24.943(0.237) 25224 (0.064) 25329 (0.083)  23.960 (0.098)

o 500 25.108 (0.205) 25.262 (0.225)  25.216 (0.062)  25.349 (0.083)  20.527 (0.081)
200 25.178 (0.218)  25.052(0.239)  25.322(0.071)  25.317 (0.084)  23.036 (0.085)

10 300 24.793(0.194) 24713 (0.213) 24.812(0.063)  25.057 (0.076)  19.012 (0.082)

500 24.774 (0.191)  24.840 (0.207)  24.850 (0.059)  24.865 (0.076)  16.776 (0.060)

200 25570 (0.235) 25.534 (0.241)  25.568 (0.079)  25.770 (0.107)  25.076 (0.103)

5 300 25.139(0.201) 25.166(0.223)  25.155(0.081) 25398 (0.099)  23.960 (0.098)

s 500 25.253(0.199)  25.064 (0.219)  25.254 (0.073)  25.115(0.097)  20.527 (0.081)
200 25251 (0.220) 25388 (0.241)  25.226 (0.075)  25.316 (0.104)  23.036 (0.085)

10 300 24.661(0.197) 24976 (0.217) 24.910(0.073) 24.918 (0.098)  19.012 (0.082)

500 24.804 (0.185) 24.791(0.203) 24.818 (0.067)  24.839 (0.089)  16.776 (0.060)

200 25789 (0.241)  25.601 (0.272)  25.625(0.128)  25.571(0.152)  25.076 (0.103)

S 300 25.517(0.226) 25.542(0.242) 24.935(0.113)  24.949 (0.127)  23.960 (0.098)

0s 500 25.208 (0.213)  25.293(0.226) 25218 (0.111) 25233 (0.130)  20.527 (0.081)
200 25268 (0.223)  25.293 (0.241)  25.193 (0.121)  25.229 (0.141)  23.036 (0.085)

10 300 24.883(0.198) 24.764 (0.226) 24.711 (0.108)  24.666 (0.122)  19.012 (0.082)

500 24.888 (0.197) 24.980 (0.212)  24.753 (0.105)  24.755(0.119)  16.776 (0.060)
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All other setups remain consistent with those described in Section 3.1.

To ensure a fair comparison among different methods, their optimal AT'S; values are evaluated in each
case. The optimal AT'S; for a given method in detecting a specific shift is defined as the minimal AT'Sy
value achieved when adjusting the method’s procedure parameter, while maintaining the nominal AT'S,
level (Qiu, 2014). Additionally, the threshold value for RF-SLAM is appropriately adjusted to ensure that

the nominal AT'S is achieved in each case considered when no shift is present (i.e., 6 = 0).

Figure 2 presents the optimal A7'S; values for the various methods across different scenarios, consid-
ering a range of values for 71, 7o and . In all these cases, the pure measurement error in Model (8) follows a
standard normal distribution. The results in Figure 2 show that the proposed methods, CRM and its simpli-
fied version CRM\L, outperform the three competing methods, MDySS-std, MDySS-dec and RF-SLAM, in
all cases within Scenarios 1, 2, and 4. In Scenario 3, the proposed methods maintain superior performance
in most cases, except when the shift size is large (e.g., § > 1.5 when 71 = 0.2 and 75 = 1). Furthermore,

CRM consistently outperforms CRM\L, and RF-SLAM outperforms the two MDySS methods in all cases.

These results can be intuitively explained as follows. The two MDySS methods monitor all risk factors
directly and sequentially to detect relevant events. However, including risk factors that are unassociated
with the events of interest would increase the variability of the charting statistics, reducing the effectiveness
of these methods. In contrast, the proposed methods rely on an event risk framework that assigns different
weights to risk factors based on their association with the events of interest. Additionally, the adaptive
LASSO procedure in CRM further enhances detection by excluding irrelevant risk factors from process
monitoring. Similar to CRM, RF-SLAM accounts for the influence of time-varying risk factors and the
statuses of other events in estimating the conditional probability of the target event. This feature contributes
to its superior performance compared to the two MDySS methods. However, because RF-SLLAM generates
signals based solely on the estimated conditional risk at the current time, without adequately incorporating
the dynamic pattern of risk over time, its performance is generally inferior to that of the proposed CRM

method in most cases considered.

The results in Figure 2 also reveal that MDySS-dec consistently outperforms MDySS-std, highlighting
the advantage of decorrelating process observations in the MDySS framework. Figure A.1 in Appendix D
displays the optimal A7T'S; values of the five methods in corresponding cases where the pure measurement
error in Model (8) follows a standardized chi-square distribution. Similar conclusions can be drawn from

these results.
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Figure 2: Optimal AT'S; values of the charts CRM, CRM\L, MDySS-std, MDySS-dec and RF-SLAM in
various cases when the nominal AT'Sj value of each method is fixed at 25, the pure measurement error in

Model (8) follows a normal distribution, and the observed risk factors have different mean shifts in Scenarios

1-4.
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3.3 Impact of p on the performance of the proposed method

In this section, we investigate the impact of the dimensionality p on the estimation of Model (1) and the
performance of the methods CRM, CRM\L, MDySS-std, MDySS-dec, and RF-SLAM discussed earlier.
To this end, additional numerical studies were conducted for cases where p = 20 and p = 30. When
generating risk factors for IC subjects, the first 10 dimensions of X;(¢) are generated according to Model
(8). The remaining dimensions follow the same model structure, except that 11, ¢(t) = 0 and 0, g = 1 for
d =11, ...,p. The p-dimensional random-effects term is generated similarly to that in Model (8), but with

a larger exchangeable covariance matrix.

This study focuses on the case where 7 = 0.2, 79 = 1, and the pure measurement error follows a
standard normal distribution. Given the observed risk factors, event statuses are generated as described in
Model (9), with the exception that the index coefficients {3, } for dimensions 11 through p are set to zero.
Furthermore, when generating data for OC subjects under the different scenarios described in Section 3.2,

all components of the shift-multiplier vector beyond the tenth dimension are set to zero.

Table 3 presents the sum of squares of estimation error (SSE) for the estimated single-index coefficient
vectors under scenarios with and without the adaptive LASSO penalty in model estimation. A similar
relationship between SSE, its standard error, and the sample size is observed for both p = 20 and p = 30.
However, for a fixed sample size, increasing the dimensionality p slightly increases the SSE. For a given
sample size and value of p, incorporating the adaptive LASSO penalty reduces both the SSE and its standard

error, demonstrating its effectiveness in improving model estimation.

For the case where 71 = 0.2, 79 = 1, the pure measurement error follows a standard normal distribution,
and the conditional risk of interest is the one specified in Scenario 1, Tables A.9 and A.10 in Appendix D
present the actual AT'Sy values for the five methods under p = 20 and p = 30, respectively. While the
IC performance of CRM, CRM\L, MDySS-std, and MDySS-dec remains well-controlled in these higher-
dimensional settings, the RF-SLAM method exhibits unreliable IC performance. Under the same settings
with event occurrence specified earlier, Figure 3 displays the optimal AT'S; values for the five methods
across different OC models and values of p. The results suggest that similar conclusions regarding method
performance hold as p increases from 10 to 30. Additionally, the optimal AT'S; values for all methods
show a slight increase with larger p. For a given shift magnitude ¢, the performance gap in AT'S] between
CRM and CRM\L widens as p increases, highlighting the increasing importance of the adaptive LASSO

procedure in high-dimensional settings.
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Figure 3: Optimal AT'S; values of the charts CRM, CRM\L, MDySS-std, MDySS-dec and RF-SLAM in
various cases when the nominal AT'Sy value of each method is fixed at 25, ; = 0.2, 7 = 1, the pure

measurement error in Model (8) follows a normal distribution, and the dimension of the risk factors varies

from {10, 20,30}
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Table 3: Sum of squares of estimation error (SSE) of the estimated single-index coefficients in Model (9)
when 71 = 0.2, 79 = 1, the pure measurement error in Model (8) has a normal distribution, and the

dimension of the risk factors, p, equals 20 or 30. Standard errors of SSEs are provided in parentheses.

m=2>5 m = 10
D My No penalty LASSO penalty No penalty LASSO penalty
200 4.227 (0.251) 3.549 (0.155) 2.272 (0.076) 2.078 (0.067)
20 300 1.260 (0.083) 1.006 (0.050) 0.601 (0.025) 0.571 (0.024)
500 0.436 (0.028) 0.297 (0.013) 0.330 (0.013) 0.242 (0.009)
200 4.508 (0.267) 3.794 (0.161) 2.376 (0.081) 2.194 (0.071)
30 300 1.439 (0.090) 1.154 (0.055) 0.662 (0.029) 0.599 (0.025)
500 0.469 (0.031) 0.334 (0.015) 0.376 (0.015) 0.274 (0.010)

4 Case Study

In this section, we use data from the Framingham Heart Study (FHS) to demonstrate the application of
the proposed method. The FHS is one of the most influential and longest-running cardiovascular studies
in medical history. Initiated in 1948 in Framingham, Massachusetts, its primary goal was to identify risk
factors for cardiovascular disease (CVD), which was then a leading cause of mortality. A comprehensive
description of the FHS, including its study design, participant follow-up protocols, examination cycles, and

phenotype and outcome measures, is available in Tsao and Vasan (2015).

In this example, we focus on detecting the onset of obesity, defined as a body mass index (BMI) ex-
ceeding 30, and CVD, which includes stroke, myocardial infarction, and congestive heart failure. The five
considered risk factors for obesity and CVD are: systolic blood pressure (mmHg), diastolic blood pressure
(mmHg), cholesterol level (mg/dL), blood glucose (mg/dL), and ventricular beats (beats per minute). To
demonstrate the proposed method, we consider individuals without obesity or CVD at baseline and aim to
detect the onset of either condition. In such cases, we jointly monitor i) the conditional risk of CVD given

the absence of obesity and ii) the conditional risk of obesity given the absence of CVD.

The dataset comprises longitudinal observations of 1,078 participants aged 50 years and older, each

with seven follow-up visits recording selected risk factors and diagnostic status for CVD and obesity. Of
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these participants, 601 had no diagnosis of either disease (hereafter referred to as non-diseased participants),
while 477 had at least one of the two diseases (diseased participants). The cohort was split into a training
set and a test set: the training set included 301 non-diseased and 239 diseased participants, and the test
set included 300 non-diseased and 238 diseased participants. The training set was used to fit the proposed
single-index multinomial logistic regression model (1). Based on the fitted model, we computed the two
conditional risks described above for all training participants. Using these estimates, we then derived the
regular longitudinal patterns of the two conditional risks from the non-diseased participants in the training

set.

Figure 4 presents the estimated conditional risks for participants in the test set, computed using model
(1) fitted with the adaptive LASSO penalty (see Expressions (2) and (3)). The figure reveals several patterns:
i) The estimated conditional risks for both CVD and obesity, given the absence of the other disease, vary
substantially across participants. ii) CVD conditional risks generally increase over time, whereas obesity
conditional risks exhibit no clear temporal trend. In both cases, mean conditional risks are slightly higher
for diseased than for non-diseased participants, with a modest exception for obesity among those aged 85
and older. These findings suggest that the conditional risks possess a meaningful degree of predictive and

discriminatory ability for the diseases under study.

Five related methods — CRM, CRM\L, MDySS-std, MDySS-dec, and RF-SLAM — were applied to the
test set to monitor each participant for early detection of CVD and obesity. For RF-SLLAM, an ensemble of
1,000 trees was constructed. For a comprehensive comparison, the left panel of Figure 5 displays receiver
operating characteristic (ROC) curves of the five methods, obtained with weighting parameter A = 0.2 for
the first four methods. Each ROC curve was obtained by computing the true positive rate (TPR) and false
positive rate (FPR) across the test set at a given control limit (decision threshold) and then varying the control
limit value. The plot shows that CRM and CRM\L outperform MDySS-dec, MDySS-std, and RF-SLAM,
with CRM achieving a slightly larger Area Under the Curve (AUC) than CRM\L. Additionally, RF-SLAM
outperforms MDySS-std in this setting. The right panel of Figure 5 shows the corresponding results when A
is optimized for each of the first four methods. Specifically, for a given FPR level, A is selected to maximize
the TPR for each method. In this case, CRM and CRM\L continue to outperform MDySS-dec, MDySS-
std, and RF-SLAM, with CRM maintaining a slight advantage over CRM\L. Additionally, CRM achieves
a 6.3% higher AUC than MDySS-dec and a 13.4% higher AUC than RF-SLAM, indicating substantial

improvement in disease prediction performance.

Figure 6 presents the computed AT'S; values of the five methods across various nominal AT'Sy levels.
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The left panel shows results when the first four methods use the weighting parameter A = 0.2, while the
right panel displays results when A is optimized. In both cases, CRM and CRM\L generally outperform
MDySS-dec, MDySS-std, and RF-SLAM by achieving smaller AT'S; values. Between CRM and CRM\L,

the former yields slightly smaller AT'S; values than the latter.

Figure 4: Estimated conditional risks for all participants in the test dataset, computed using the estimated
model (1) by the adaptive LASSO procedure (3). Solid gray thin lines represent the estimated conditional
risks for non-diseased participants, while black dashed thin lines represent those for diseased participants.
In each plot, the solid and dot-dashed bold lines denote the sample means of the estimated conditional risks

for non-diseased and diseased participants, respectively.
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In this paper, a new method for the early detection of one or multiple events conditional on the status of other
events is developed. The method consists of several key steps. First, an innovative single-index multinomial
logistic regression model is proposed to quantify all conditional event risks based on a training dataset
collected in advance. The quantified risks are defined as linear combinations of the observed event risk
factors, and their regular longitudinal patterns can be estimated nonparametrically from the observed data
of subjects without the events of interest in the training dataset, as discussed in Section 2.2. Next, to detect
events given the status of other events for a new subject, the relevant conditional event risks are computed.

After proper data standardization and decorrelation, these computed conditional event risks are monitored
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Figure 5: ROC curves for the five methods CRM, CRM\L, MDySS-std, MDySS-dec and RF-SLAM used

to detect CVD and obesity in the 538 participants from the test dataset. The left panel shows the results

when the weighting parameter ) is set to 0.2 for the first four methods, while the right panel displays the

results when A is optimized for each of these methods. The corresponding AUC values are also provided.

The dashed gray diagonal line in each panel serves as a reference.
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Figure 6: Computed AT'S; values for the five methods CRM, CRM\L, MDySS-std, MDySS-dec and RF-

SLAM used to detect CVD and obesity in the 538 participants from the test dataset under different nominal

levels of AT'Sy. The left panel shows the results when the weighting parameter \ is set to 0.2 for the first

four methods, while the right panel displays the results when ) is optimized for each of these methods.
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sequentially using the control chart (6)-(7), which can accommodate unequally spaced observation times.

Numerical results show that the proposed method performs well in various scenarios.

In the single-index multinomial logistic regression modeling procedure described in Section 2.1, all
possible conditional risks can theoretically be computed from the estimated Model (1). However, when
one or more rare events are involved in the conditioning set, the resulting estimated conditional risks would
exhibit relatively high variability because of small number of IC subjects in the training data for estimating
the conditional risks. This increased variability may lead to less reliable detection of other events given
these rare conditions. Therefore, the proposed method is expected to be more effective when commonly
observed events are used as the conditioning variables. Additionally, in practice, it may occur that certain
events are impossible given specific conditioning events (e.g., a car with a dead battery cannot display a
warning light). In such cases, the corresponding conditional risks, computed from marginal risks based on
the estimated Model (1) (cf. Section 2.2 for examples), may not be well defined because the probabilities of
the associated event combinations are zero. As a result, those event combinations should be excluded from

the formulation and estimation of Model (1).

There are several other aspects of the proposed method that warrant further investigation. For instance,
when the number of events of interest ¢ is large, estimating the single-index multinomial logistic regression
model (1) can become computationally intensive. This is due to the model’s flexibility, which allows for
different link functions and single-index coefficients across a total of ¢* — 1 = 29 — 1 non-redundant event
statuses. Therefore, developing more computationally efficient estimation procedures in such settings is
essential. One possible approach to reduce the computational burden is to simplify the multinomial logistic
regression model. For example, one could assume identity link functions or impose identical single-index
coefficients across all event statuses. Exploring reasonable trade-offs between such simplified modeling
strategies and the overall performance of the proposed method in early detection of multiple events is an
important area for future research. Another issue concerns variable selection using the adaptive LASSO
approach (cf. Expression (3)) when estimating Model (1). In its current form, the proposed method selects
risk factors independently for each possible event status (i.e., each k£ in Model (1)). However, in practice,
each event may have its own specific set of important risk factors. A promising direction is to group the
q" — 1 equations in Model (1) by individual events and apply a group-LASSO procedure (Yuan and Lin,

2006) for risk factor selection.
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Supplementary Materials

Code_and_Data.zip: This zip file contains some computer codes to implement the proposed method and
the real data used in the paper.

supp.pdf: This supplementary file contains i) some technical details about the estimation of the single-index
multinomial logistic regression model (1), ii) guidelines on optimization of the objective function in (3), iii)

estimation of the regular longitudinal pattern, and iv) some extra numerical results.
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