Topics in Basic Analysis: Homework 1 Solutions
1. For each of the following sets, find its supremum and infimum.

a) [2,7]

Solution. inf[2,7] =2 and sup[2,7] =7 O
b) U, [2n,2n + 1]

Solution. Note that

U [2n,2n+ 1] = [2,3] U [4,5]U[6,7]U---,

so the infimum is 2 and the set is not bounded above, so the supremum is oco. O

c) {1-1/3":n €N}

Solution. Since {1 — 3%, n > 1} is an increasing sequence and converges to 1, the infimum is

1 —1/3 =2/3 and the supremum is 1. O
d) Mgy =1+ 7]

Solution. Note that

(e = 1+ L [0, 1]
n=1 n ) n - ) )
so the infimum is 0 and the supremum is 1. O

2. Let S C R be a nonempty, bounded set.
a) Prove that inf S < supS. (Hint: This should almost be obvious, your proof should be short.)
Solution. Let o =inf S and = sup S. Then for all z € S,

a<z<p.

b) What can you say about S if inf S = sup S?

Solution. By part a), a < x < fforallz € S;soifa = 5, thenx = a = fforallz € S.
That is, S contains a single point, S = {a}. ]

3. Let S,T C R be nonempty, bounded sets.

a) Prove that if S C T, then
inf7 <infS <supS <supT.

Solution. We have already proved the middle inequality in Q2a). Let S,7" C R be nonempty,
bounded sets. Suppose that S CT. Thenx € S = x € T,sox < supT forallx € S.
This implies that sup S < sup T, since sup 7" is an upper bound for S. Similarly, x > inf T’
for all x € S, which implies that inf S > inf T, since inf T" is a lower bound for S. O



b) Prove that
sup(SUT) = max{sup S,sup7'}.

Note that we are NOT assuming S C T in part b).
Solution. We will prove this by showing that
sup(S UT) < max{sup S,sup 7'} and sup(S UT) > max{sup S,sup7}.
Let S,T" C R be nonempty, bounded sets. Note that
s<supS, Vse Sandt <supT, Vit € T.

This implies that
x < max{sup S,sup T}, Ve € SUT.

Thus, sup S UT < max{sup S,supT'}. Now, note that

r<supSUT, VreSUT.

Thus,

s<supSUT,Vse S = supS <supSUT
and

t<supSUT, VteT = supT <supSUT.
Therefore,

max{sup S,sup7'} <supSUT.
]

4. Let a,b € R be such that a < b. Using the denseness of QQ in R, prove that there are infinitely
many rational numbers between a an b.

Solution. Let a,b € R be such that a < b. Suppose that there are only finitely many rational
numbers between a and b. Since there are finitely many, we can list them {ry,79,...,7r,}. Let

q € {ri,rs,...,m,} be the smallest such that ¢ > a. Then by the density of Q, Ir,.; € Q
such that a < r, 11 < ¢, but this contradicts our assumption that there are only n such rational
points between a and b. O

5. Let A, B C R be nonempty, bounded sets, and let
S=A+B={a+b:ac Aandbc B}.
a) Prove that sup S = sup A + sup B.
Solution. Again, we will prove this by showing that
sup S < sup A + sup B and sup .S > sup A + sup B.

Since
a<supA, Va € Aand b <supB, Vb€ B,

we have
a+b<supA+supB, Vae A be B.



This implies that sup A 4+ sup B is an upper bound for S, so
sup S < sup A + sup B.
Now, note that

a+b<supS,Vae A,beB = a<supS—0b VYVae A, beB
= supA<supS—-0b VbeB
= b<supS—supA, Vbe B
= supB <supS —supA4
— supA+supB <supS.

b) Prove that inf S = inf A + inf B.

Solution. The proof is nearly identical to part a).



