Topics in Basic Analysis: Homework 3 Solutions

1. Determine if the following sequences are increasing, decreasing, or neither, and if the sequence
is bounded.

2)

3=

Solution. Decreasing and bounded. Note that for z,y > 0

1 1
S = y<u
ry
Alternatively, note that the function f(z) = 1/ has derivative f'(x) = —1/2% < 0 for all
x> 0,s0 1/n= f(n) is decreasing. Since 1/n — 0, the sequence is bounded. O
(="
n2

Solution. Neither and bounded. Note that (;12)” — 0, so it is bounded. However, the se-
quence alternates between positive and negative values, so it neither increasing nor decreas-
ing for all n > 1. O]
sin ("7”)
Solution. Neither and bounded. Note that ’sin (”7”)‘ < 1, so the sequence is bounded. Since
the sin function oscillates, it is neither increasing nor decreasing for all n > 1/ O
n

37L

Solution. Decreasing and bounded. Since n/3" — 0 it is bounded. To see that it is decreas-
ing, consider f(x) = x/3*. Then f is decreasing if and only if In f(z) = Inz — xIn3 is
decreasing. Since

d 1 1
— 1 —xl =——1 = — =~ 0.91.
dw[nx x1n 3] " n3 <0 $>ln3 0.9

Thus (3%)” is decreasing for n > 1. O]

2. Let (s,), be a sequence such that

a)

|1 — Sn| <277, ¥n € N.
Prove that (s,), is a Cauchy sequence and hence converges.

Solution. Let € > 0. Note that Zle 27" < 00. Choose N € N such that n > N implies

oo

Then form >n > N

|Sm - Sn| - |Sm —Sm—1+tSm—1— " — Sn+1 + Sn+1 — Sn



b) Is is still true that (s,), is Cauchy if we only assume that
1
|Snt1 — S| < —, Vn € N7
n

Solution. No. Consider the sequence s, = Zzzl % forn > 1. Then for all n > 1

n+t1 n
SN0 (R
k=1 k=1

but s, = >, _, % diverges to infinity and hence is not Cauchy.

3. Let s1 =1 and sp41 = 5(s, + 1) for n > 1.
a) Find s9, s3, and s4.
Solution.
So==(1+1)== 33:%<§+1) :g 34:é(g+1) :;—;l.

b) Use induction to show that s,, > 3 for all n € N.

Solution. Note that s; =1 > % Now suppose that s, > % for some k£ > 1. Then

DO | —

—1( +1)>1 1+1 —3>
$k+1_33k 2\ 9 —4

Then by induction s, > % for all n > 1.
c¢) Show that (s,), is decreasing.

Solution. Note that sy = g > % = s1. Now, suppose that s, > s;,_1 for some k > 2. Then,

1
Spy1 = 5(sk+1) >

3 (Sk—l + 1) = Sk.-

W =

Then by induction sgyq > s for all k£ > 1, i.e. (s,), is decreasing.



d)

Show that lim,,_,., s, = s exists and find s.

Solution. Since (s,), is decreasing and bounded below lim,, ., s, = s exists and is finite.
Since s,41 = (s, + 1) for n > 2, we have

: 1/, 1 1
lim s,41 :—<11m sn—|—1> — s=-(s+1) = s=—.
n—00 3 \n—oo 3 2
O
4. For each of the following sequence:
nmw 3 \" 1
s COS(S) i+l <2> vn = (="
a) Give its set of subsequential limit points.
Solution. Note that
1 1 11
(Sn)n: _7__7_]-7__7_717“' )
2 2 272
so the set of subsequential limit points of (s,), is {1,3, —3,—1}.
Since t,, — 0, the only subsequential limit point is {0}.
Since u,, — 0, the only subsequential limit point is {0}.
Since £ — 0 and (—1)" = {-1,1,—1,1,...}, the subsequential limit points of of v,, are
{-1,1}.
O
b) Give its limsup and lim inf.
Solution.
liminfs, = —1, limsups, =1, and liminfuv, = —1, limsupwv, = 1.
n—r00 n—00 n—o0 n—r00
liminft, =limsupt, =0, and liminfw, = limsupu, =0,
n—o0 n—00 n—oo n—00
O

5. Let (sn), and (t,), be sequences, and suppose that there exists and Ny € N such that s, < ¢,
for all n > Ny. Show that liminf s, < liminf¢, and limsups, < limsupt,. (Hint: Consider the
definition of liminf and lim sup and HW2 problem 5c¢).

Solution. Let N > Ny, then s, <t, for all n > N, and

inf (t, — s,) > 0.
k>N

Note that for all n > N

t,=t,—s s, > Inf (t, — s inf s, > inf s, = inf ¢, > inf sg.
e ”+”_kzN(k k)+k2Nk_k2Nk >N = gsn R



Since infy>y tr > infysy s, for all N > Ny,

liminf s, = lim inf s; < lim inf ¢, = liminf¢;.
k—o0 N—oo k>N N—oo k>N k—o00

Similarly, s,, <t, for all n > N implies

sup(sg — tx) < 0.
k>N

Then for all n > N

Sp = Sp — bty + 1, < sup(sg — tg) +supty < supty = sup sg < sup ty.
k>N k>N k>N k>N k>N

Therefore,
limsup sy = lim sup s, < lim sup tx = limsup t;.
k—o0 N—oo >N N—oo >N k—o0
6. Let (s,), and (t,), be bounded real sequences. Show that
limsup(s, + t,) < limsup s, + limsupt,.
Solution. Since (s,), and (t,), are bounded, (s, + t,), is bounded, so

sup Sg, sup tx, and sup(sy + t)
k>N k>N k>N

exists and are finite for all N € N. Let NV € N. Then for all n > N

sp < sup s and t, < sup tg,

E>N E>N
SO
Sp +t, < sup S, + sup tg, Vn > N.
E>N E>N
Therefore

sup (s + t) < sup sg + sup tg,
k>N k>N k>N
for all N > N, which implies

limsup(sy 4+ tx) = lim sup(sg + ¢) < lim sup sy + lim sup ¢, = limsup s, + lim sup .
k—o00 N—oo >N N—oo >N N—oo >N k—o0 k—»00

7. Let (s,), and (t,), be bounded real sequences. Show that

lim sup s,t, < (limsup s,)(limsupt,).



Solution. Let N € N. Note that for n > N

Sp < supsg and t, < suptpy = s,t, < sup S sup t
k>N k>N E>N k>N

for all n > N. Therefore,

sup (spty) < sup s sup ty,
k>N k>N k>N

which implies

lim sup(sgty) = hm sup(sgty) < lim [sup sgsup tx] = lim sup s; lim sup ¢, = limsup s lim sup #.
k—o0 =0 k>N N—=oo'k>N k>N N—=oop>N  N—=op>N k—o0 k—oo
]

. Let (s,,), be a real sequence and define o,, = %Z?:I Sy = %(81 + S+ ...+ Sp).
a) Show that

liminf s, <liminfo, <limsupo, < limsups,.
Hint: For the third inequality, show first that M > N implies
1
sup 0, < — (81 4+ -+ Sy) + sup S,.
n>M M n>N

Solution. Let N € N. Then forn > M > N

1
Un:—(81+82+"'8n)

n

1 1
= —(s1+ - +sny)+ —(sny1+ - 50)

n n
< 1( T >+n—N

—\S S sup s
=7\ N n kzzl\)/k
< 1( ++sy) +

—\S S sup Sg.
=7\ N kzgkz

This implies that for all M > N

1
sup o < —(s1+ -+ + sn) + sup si.
k>M M k>N

Therefore,

. 1
limsupop = lim sup op < lim |—(s;+ -+ + Sy) + Sup sg| = sup si.
k—s00 M =00 > M M—oo | M k>N k>N

Since N € N was arbitrary,

limsupor < lim sup sp = limsup s;.
k—00 N—oo >N k—o0

By the same argument using —o,, = %(—sl + —S9 + -+ —s,), we also have

lim sup(—oy) < limsup(—sg).

k—o0 k—o0

Using the fact that limsup,_, . (—x) = — liminfy_, . 2, we obtain

liminf s, < liminf o;.
k—o0 k—o0



b) Show that if lim,,_,, s, exists, then lim,,_,., 0, exists and lim s,, = lim o,,.
Solution. If lim, o s, = s € RU{—00, 00} exists, then by part a)
s = liminf s, < liminf o, <limsupo, < limsups, = s,

which implies that lim,,_,. o, = s.



