Topics in Basic Analysis: Homework 4 Solutions
1. Prove that the following sets have an empty interior.
a) {iln € N}

Solution. Suppose that the interior is not empty. Let x € {%\n € N}O. Then de > 0 such

that B(z,e) C {X|n € N}. Then 1/ny € B(x,¢) for some ng € N. Since B(z,¢) is open,

3p > 0 such that B(1/ng,p) C B(z,¢), but B(1/ng, p) = (1/no — p,1/no + p) € {1|n € N}.
[

b) Q@

Solution. Suppose Q° # ). Let x € Q°. Then Je > 0 such that B(z,e) = (r —¢,2 +¢) C Q.
By the denseness of the irrationals, 3t € R\ Q such that

r—e<t<xr = te€ B(x,e) CQ,
but ¢ ¢ Q. Hence, Q° = (. O

2. Find the closure of the following sets.

a) Q
Solution. Recall that Q = QuUQ'. Since Q are dense in R, every z € R is a limit point of Q,
so Q =R. O

b) {reQ:r? <2}
Solution. Note that {r € Q:1r? <2} ={rc Q: —v2 <r <2}, s0
{reQ:r2<2}=[-v2,v2],

since by density of Q every = € [—/2,v/2] is a limit point of {r € Q : r? < 2}. O

3. Determine if the following series converge or diverge. Be sure to justify your answers.
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Solution. The series converges absolutely by the ratio test, since

n!
ZOO

n=lpd 13

Solution. Note that for all n > 1
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The series > >° 1L diverges by the ratio test since
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Then Y >, n%rg diverges by the comparison test.
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Solution. Note that for all n > 1,
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Since the series > # converges by the integral test, the series Y -,
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solutely by the comparison test.
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Solution. Note that for all n > 2
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converges by the integral test, the series y  ~,

converges absolutely by the comparison test.
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Solution. Note that
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By L’hopital’s rule
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Therefore, > 7, n converges absolutely by the ratio test. O]
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Solution. Note that for all n > 2

1 1
> >0
vnlnn ~ nlnn = 7

and

< 1
/ dr = Inlnz| = cc.
9 xlnx

1 1
Hence, the series >, o diverges by the integral test, which implies that >~ m
diverges by the comparison test. O
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Solution. Note that
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Hence, the series >, (i) (o) diverges by the integral test. O]
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Solution. Using integration by parts with v = Inx and dv = (1/2%)dz, we get
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Since the integral converges, the series >, ol converges by the integral test. O]

4. Prove the following: If Y~ |a,| converges and (b,), is a bounded sequence, then > >~ a,b,
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converges.



Solution. Let M > 0 be such that |b,| < M for all n > 1. Let ¢ > 0. Choose N € N such that
m >n > N implies

m
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Then for m > n > N, we have
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Hence, by the Cauchy criterion, >~ a,b, converges. O]

. Prove the following: If Y >° | a, is a convergent series of nonnegative numbers and p > 1, then
>, aP converges.
Solution. Since Z;’Ozl a, converges, a, — 0. Choose N; € N such that 0 < a, < 1 for all
n > N;. Then

n>N = 0<d <a, <Ll

Let € > 0. Choose N> € N such that

m
m>n> Ny — Z ap| < €.
k=n+1

Then for m > n > max{Ny, Na}
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Z ap| < Z ay| < €.

k=n-+1 k=n-+1

Hence, >~ 7 | a? converges by the Cauchy criterion. [

. Prove the following: If ">  a, and ), b, are convergent series of nonnegative numbers,
then Zzozl v ay,b, converges. Hint: Show that v/a,b, < a, + b, for all n > 1.

Solution. Since a,,b, > 0 for all n > 1,
anby < 2a,b, < a2 + 2a,b, + b2 = (a, +b,)?,

which implies
v anb, < a, +b,.

Since > 7 a, and Y~ b, converge, >~ (a, + b,) converges. Therefore, Y, v/a,b, con-

n=1
verges by the comparison test. O



