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Chapter 1

An Introduction to Set Theory and
the Real Line

1.1 Basics of Set Theory

Definition 1.1. A set is a collection of objects, which are called elements of the set. A
set is typically denoted by capital letters A, B, C,...

Definition 1.2. Let A and B be sets. A is said to be a subset of B iff every element of
A is an element of B, i.e. z € A = x € B. This is denoted by A C B.

Operations on Sets: Let A and B be sets

e Union: AUB ={z|zx € Aor z € B}
e Intersection: ANB = {z|x € A and = € B}

e Complementation: A° = {z € S|z & A} (A is often used too), where A C S and S is
the largest set in consideration.

o Set difference: A\ B = {z € A|z ¢ B} = AN B°. This is also sometimes written as
A-B.

Definition 1.3. Two sets A and B are equal if and only if A C B and B C A.
Commutativity: Let A and B be sets. Then
e AUB=BUA
e ANB=BnNA
Associativity: Let A and B be sets. Then
e AUBUC)=(AUuB)UC
e AN(BNC)=(AnB)NC
Distributive Laws: Let A B, and C be sets. Then
e AUBNC)=(AUB)N(AUCQC)
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e AN(BUC)=(ANB)U(ANCQC)

We will prove the second of the distributive laws below. I leave the rest for you to prove
as an exercise.

Proof of AN(BUC)=(ANB)U(ANCQC).

i) (AN(BUC) C(ANB)U(ANCQC)). Let z € AN (BUC). Then we have z € A
and either z € B or x € C. Given z € A, if x € B, then x € AN B. Likewise, given
x € A ifx e C,thenx € ANC. Thus, given x € A, if either x € B of z € C, then
eitherz € ANBorxz e ANC. Thatis, x € (ANB)U(ANC).

(ii) (AN(BUC) D (ANB)U(ANC)). Let z € (ANB)U(ANC). Then we have x € ANB
orx € ANC. Ifr € AnB,thenz € Aandxz € B. If x € Bthenz € BUC.
Hence, x € AN (BUC). Similarly, if x € ANC, then x € AN (BUC). Consequently,
reAN(BUC).

O
DeMorgan’s Law: Let A and B be sets. Then
e (AUB) = A°NB°
e (ANB)¢ = A°UB*®

Definition 1.4. Two sets A and B are said to be disjoint (or mutally exclusive) if A N
B ={. Sets Ay, As, ... are pairwise disjoint if A; N A; =0 for all i # j.

In general, let {A4;,i € I} be a collection of sets. The union and intersection of an arbi-
trary collection of sets is define as

Uier4; = {z|z € A; for some i € I}

and
NicrA; = {z|xz € A; for all ¢ € T}.

Example 1.1. Find following sets:

(8) (—o0,a)"
(b) M2 [a,b+ 1/n)
(¢) U fa+1/n,b—1/n]
(d) N, [a—1/n,d]

Definition 1.5. Let A and B be two sets. The Cartesian product of A and B, denoted
A x B, is the set of all ordered pairs (a,b) such that a € A and b € B. That is,

A x B={(a,b)|la € A and b € B}.

The word ”ordered” means that if a,c € A and b,d € B then (a,b) = (¢,d) if and only inf
a=cand b=d.
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If A; is a collection of sets for ¢ € {1,2,...,n}, then the Cartesian product X_; A; is

s

A ={(a1,...,an)|a; € Aj,i=1,...,n}.

=1

If the sets A; are all equal, then we write A™ for the Cartesian product. The following
results can be easily verified:

e Ax B=0if and only if A =0 or BJ.
e (AUB)xC=(AxC)U(BxC)

e (ANB)xC=(AxC)N(BxC)

e (AxB)N(CxD)=(ANC)x(BnND)

Definition 1.6. Let A and B be sets and let f : A — B be a mapping from A to B. A is
called the domain of f and the range of f is f(A) = {y € Bly = f(x) for some z € A}.

Given D C A, the image of D under f is f(D) = {y € Bly = f(x) for some = € D}. Given
a E C B, the pre-image of E under f is f~1(E) = {z € A|f(z) € E}.

Definition 1.7. A mapping f : A — B is said to be one-to-one or injective if whenever
f(z) = f(y), then x = y. Equivalently, f is one-to-one if whenever x # y, then f(z) #

f().

Definition 1.8. A mapping f : A — B is said to be onto or surjective if f(A) = B.
That is, Vy € B, 3z € A such that f(x) = y.

1.2 The Natural Numbers and the Principle of Mathematical
Induction

Definition 1.9. The natural numbers are the set of non-negative integers, denoted N.
That is,
N=1{1,2,3,...}.

The natural numbers are a well ordered set. This means, that for all n,m € N exactly one
of the following holds

(1) n<m

(2) n>m

3) n=m

The natural numbers also has the following properties
(a) 1is the smallest element of N.

(b) Every non-empty subset of N has a smallest element. That is, if A C N and A # 0,
then Jda € A such that a < s for all s € A.

(¢) If n € N, then n+ 1 € N. Note that this implies that N has no greatest element.
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The last property is the basis of mathematical induction:

(i) Principle of mathematical induction: Let Py be a property indexed by k. We say
that P, is true if property Py holds for k = n € N. The principle of mathematical
induction is used to prove that the property holds for all n € N as follows: if P; is
true and for all k € N, P, = Pj1, then P, is true for all n € N.

(ii) Strong induction: If P; is true and for all k € N, {Py, P5,..., P} = P41, then
P, is true for all n € N.

n(n+1)

Example 1.2. Use induction to prove that Y ;_, k = for all n € N.

nin+1)

5 , and note that P; is true since

Proof. Let P, : Y 1 k=

Zk:l:w.

1
2
=1

k
Now, let n > 1 and suppose that P, is true. Then

n+1 n
k=) k+(n+1)
k=1 k=1
_n(n+1)
2
nn+1) 2(n+1)
2 * 2
(n+1(n+2)
—

+ (n+1) (by the induction hypothesis)

Thus, if P, is true, then P,,;1 is true, so by the principle of mathematical induction, the
formula holds for all n € N. O

1.3 Properties of Real Numbers

The absolute value function is defined as

T, ifxz>0
|z| = : :
—z, ifz<0

Proposition 1.1. Let a,z € R with a > 0. Then |z| < a if and only if —a < x < a.

Proof. Let a,z € R and a > 0.

(=) Suppose |z| <a. Ifx >0, then —a <0<z = |z| <a. Ifzx <0, then —z = |z| <
a — —a<zr<0<a.

(<) Suppose —a <z <a Ifzx>0,then —a<0<z=z|<a = |z|<a Ifz<0,
then —a <2z <a = —a<z = a>—x=|z| O

The absolute value function also satisfies the triangle inequality:
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Proposition 1.2. For all x,y € R
[z 4yl < ||+ [yl.
Proof. Let x,y € R. Note that
ol <o < [zl and — Jy| <y < ol
Together, these imply that
—(lzl +lyl) = =zl = [yl <z +y <[] + [y.
Then by the previous proposition, |z + y| < |z| + |y|. O

Corollary 1.1 (Reverse Triangle Inequality). For all z,y € R

[z =yl < [ = yl.
Proof. Exercise. O
Definition 1.10. Let S C R.
(1) M € R is said to be an upper bound of the set S if z < M for all x € S.
(2) L € R is said to be an lower bound of the set S if x > L for all z € S.

(3) S is said to be bounded if it is both bounded above and below. That is, if there ex-
ists and M € R such that || < M for all z € S.

Example 1.3. Determine if the following sets are bounded above, bounded below or nei-
ther.

(a) S=10,1)
e S is a bounded set.

e S is bounded above by 1
e S is bounded below by 0.

(b) S =N

e S is bounded below but not above.
e S is bounded below by 1

e S has no upper bound. If M is an upper bound, then x < | M| for all z € N, but
M < |M + 1| € N, a contradiction.

Definition 1.11. Let S C R be bounded above. The supremum of S is the least upper
bound. That is 8 =sup S € R if

a) x < fBforallz e S.
b) Ve > 0, 3z € S such that f —e <2 < 3.

If the set is not bounded above, then we define sup .S = co.
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Note 1.1. Part a) of the definition says that $ is an uppper bound. While part b) says
that nothing smaller than § can be an upper bound for S.

Definition 1.12. Let S C R be bounded below. The infimum of S is the greatest lower
bound. That is = inf S € R if

a) x >aforallxesb.
b) Ve > 0, 3z € S such that o <z < a + €.
If S is not bounded below, then we define inf § = —o0.

Note 1.2. Part a) of the definition says that « is a lower bound. While part b) says that
nothing bigger than a can be a lower bound for S.

The question now becomes whether a supremum or infimum even exist given a bounded
set? The completeness axiom guarantees their existence for bounded sets in the real line.

Proposition 1.3 (Completeness Axiom of R). Let S be a nonempty subset of R.
a) If S is bounded above, then S has a least upper bound.
b) If S is bounded below, then S has a greatest lower bound.

Example 1.4. What are the supremum and infimum of the following sets:

a) [0,1)

o inf[0,1) =0

e sup[0,1) =1 (Note that the supremum is not part of S.)
b) N

o infN=1

e supN = oo.
For a set A C R. Define —A = {—z|z € A}.
Proposition 1.4 (Properties of sup and inf). Let A C B C R be nonempty sets. Then
a) sup(—A) = —inf A and inf(—A) = —sup A
b) inf B <inf A <sup A < supB.
Proof.

a) Let § = sup A. We will show that —sup A = inf(—A). To show this, recall that we
need to prove two items:

(i) —pB is a lower bound for —A.
(ii) Ve > 0, Jy € —A such that —f <y < —fB+e.
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B=supA — z < pBVxe A so—-p< —z, Ve A This implies that —§ < y,Vy €
—A. Let e > 0. Then dv € Asuch that 8 —e <2 < 3,50 -8 < —x < —f8 + ¢. Thus,
—pB = inf(—A).

The proof of sup(—A) = —inf A is similar and is left as an exercise.

b) Homework.

O

A common fact that we will use frequently is that for every € > 0 there exists an N € N
such that

1
0<=<e.
i €
This follows from the Archimedean property of the real line.

Proposition 1.5 (The Archimedean Property). Ifa,b € R anda > 0 and b > 0, then
In € N such that na > b.

Proof. We will argue by contradiction. Let a,b € R, a > 0 and b > 0, and suppose that
Vn € Nyna < b or equivalently, n < g,Vn € N. This implies that N is bounded above by
b/a, so by the completeness axiom, § = sup N exists and is finite. Then, there exists an
n € N such that

b—1<n<p = f<n+1<pF+1.

But S is an upper bound for N and n + 1 € N, a contradiction. O
Corollary 1.2. Ve >0, 3n € N such that 1/n < e.

Proof. Let € > 0. By the Archimedean property, 3n € N such that

1
ne>1 — —<e.
n

Corollary 1.3. Let S = {1|n € N}. Then maxS =supS =1 and inf S = 0.
Proof. Exercise. O

The rational numbers are Q = {Z|m € Z,n € N}, and it is a very important subset of R.
The following are two important properties of Q that will be useful.

Proposition 1.6.
1) Q is a countable set. This means that there exists and one-to-one function f: N — Q.

2) Q is dense in R. This means that Va,b € R with a < b, Ir € Q such that a < r < b.
This also implies that YV € R and Ve > 0, Ir € Q such that

|z —r] <e.

This says that we can approrimate any real number by a rational number.
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Proof. We will only prove 2). Let a,b € R with a < b. Then b — a > 0, and by Corollary
1.2, 3n € N such that b — a > 1/n. Without loss of generality (WLOG) assume a > 0.
Then by the Archimedean property, 3m € N such that m(1/n) > a. Choose mg € N to be
the least such m (this exists due to the well ordering property of N). Then mOTfl <a<
=0 Together, this implies that

mo mo — 1 1

a<— = +—<a+(b—a)=0
n n n

O

It may seem like Q is a sufficient number system for analysis. You are used to seeing so-
lutions approximated, e.g. v/2 ~ 1.414. We will see that v/2 ¢ Q. We can approximate
V/2 as well as we want by a rational number, but without the real line, an equation of the
form z2 — 2 = 0 has no solution. Before we can show that this equation has no rational
solution, we prove the following proposition that such an equation does indeed have some
solution:

Proposition 1.7. Let n € N, n > 2. Then Vx > 0, Aly > 0 such that y" = z.
Proof. Let 0 < s < t. Then (" — s") = (t — s) Z;é tFs"=1=k_ This implies that
(t—s)ns" "t <" — 5" < (t—s)nt" L (%x)

(Uniqueness) Let 2 > 0 and suppose that y1,y2 > 0 satisfy, 47 = y5 = x. WLOG assume
0 < y1 < y2. Then (xx) implies

0< (o —y)nyp ' <yh —yl =z —2=0.

Since yo > y; > 0, this implies that yo = y;. (Existence) Let « > 0. Define the following
two sets
L={s>0|s" <z} and U ={t>0}t" > x}.
Note that L # @ since 0 € L. To see that U # (@, we consider three cases: 0 < = < 1,
x =1, and x > 1. First suppose x > 1. Then
n—2
" —x =@ - 1" =2z - 1)295’c >z(z—1)>0 = z" > .
k=0
Thus z > 1 implies x € U. Similarly, if 0 < z < 1, then 1 € U. If z = 1, then 2" > 1 and
2 € U. Thus for any z > 0, U # (. Now, note that Vs € L and Vt € U, s" < z < t" =

s < t, since
n—1

O<t"—s"=(t—s)2tks"_l_k = t—s5>0.
k=0

>0

Thus, every s € L is a lower bound for U, and every t € U is an upper bound for L.
Then, by the completeness axiom, y = sup L and z = inf U exist and are finite, and y < z
(y <t, Vt € U, since every t € U is an upper bound for L and y is the least upper bound
of L. This means that y is a lower bound for U and hence y < z, since z is the greatest
lower bound of U.)

We want to show that y = z and y™ = x. We will prove this by establishing the following
claims:
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1. y" <z

Proof. Suppose that y™ > x. Then % > 0, and by definition of sup L, 3s € L
such that

yn n_ x

nynfl

— y
<s<y = y—s< —-
ny"

y—
Combining this with (%), we have

n

Yyt — st < (y—s)ny" Tt < (iy”f> ny" ' <y — .

This implies that —s™ < —=z, so s™ > x. But this can’t happen, since s € L —
st < x. O

2. "<z <= s<y

Proof. (<= ) Let s <y. Then s" < y" < x by claim 1.
(= )Lets" < z. If s" < z,thens € L = s < y. If s" = x, then for all
0<w< s, w"<s" =z Thus [0,s) C L, so s =supl0,s) <supL =y. O

3. 2" >«x

Proof. Suppose 2" < z. Let e = min {1, %} > 0. Then by definition of inf,
there exists a t € U such that

z<t<z4+e<z+1.

Then by (xx)
" — 2" < (t—z2)nt" "t < (t—2)n(1+ )"

Since t — z < €, we have

"= 2" < _e== n(l42)" =z — 2"
n(1+ z)r—1 '
This implies that " < z, but t €e U = t" > z, a contradiction. O

4. t">x <= t>=z

Proof. (<= ) Let t > z. Then t"™ > 2™ > z by claim 3.

(= )Lett" > Ift" >z, thent e U = ¢t > z=1infU. If t" = z, then w™ >«
for all w > ¢. Thus (t,00) CU = t =inf(t,00) > infU = z. O

We now claim that y = z. Suppose that y # z, then y < z. Let v € R be such that

y < u < z (we know we can always find such a u € Q). Then y < u = «"™ > z by claim
2. Then u € U, so u > inf U = z, a contradiction. Thus, y = z. Now, by claims 1 and 3,
Yt <x <" = Yyt =" ==x. O

Now that we know that such an equation has a solution, we will show that not all such
equations can be solved by rational solutions.
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Definition 1.13. Let a,b € Z. We say that a divides b if Im € Z such that b = ma.
Theorem 1.1 (Rational Roots Theorem). Let ag,as,...,a, € Z with a, # 0. If
ant™ + ap12" '+ + a1z +ag=0
has a rational solution, x = p/q, where p € Z,q € N, and gcd(p,q) = 1, then
1. q divides a.,.
2. p divides ay.
Proof. Suppose © = p/q, where p € Z,q € N, and ged(p, ) = 1 is a solution of

ant™ + ap12" M+ -+ ax+ag=0

n
an<p> —|—~--+a1<p)+a020.
q q

Multiplying both sides by ¢", we get

where a, # 0. Then

anp™ + -+ a1pg" "+ apg™ =0,
SO
—anp" = qlan_1p" "'+ +apg" "+ apg" ).

Then ¢ divides either a,, or p. Since p and ¢ share no common factors, ¢ must divide a,,.
Similarly,

—aoq" = planp" '+ +a1g" )

)

so p divides either ay or ¢. Since ged(p, ¢) = 1, p must divide ay. O

Example 1.5. Consider the equation 22> — 2 = 0. a; = 1 and ag = 2, so if z = p/q with
gcd(p,q) = 1 is a solution of this equation, then p must divide 2, which means p must be
one of +1 or +2, and ¢ must divide 1, which means ¢ must be +1. This means the only
possible rational solutions to this equation are x = £2,+1. We can easily check that none
of these are solutions to this equation. Thus, the solution z = /2 must be a member of
the irrational numbers, R\ Q.

Proposition 1.8. The irrationals are dense in R. Va,b € R with a < b, 3z € R\ Q such
that a < x < b.

Proof. Let a,b € R with a < b. Then a + /2 < b+ /2. By the density of Q, 3¢ € Q such
that a +v2 < q< b+vV2 = a< q— V2 < b. We now claim that q-— \/2 is an irrational
number. Suppose that r = ¢ — /2 € Q. Then v2 = ¢ — r € Q, but we know v/2 € R\ Q, a
contradiction. O

1.4 Applications in Probability and Statistics

1.4.1 Sigma Algebras

1.4.2 Measurable Mappings
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Sequences, Series, and Basic Topology

2.1 Sequences

Definition 2.1. A sequence in R is a function f : N — R. We write z,, = f(n) for
the nth term of the sequence and denote the whole sequence by {z,,n > 1}, {z,}52,,
or (z,)n. The range of the sequence is the set of values attained by the sequence: {z €
R|z = x,, for some n € N}.

Example 2.1. The following are examples of real sequences:
3n—5
2n+3’
b) 2, =(-1)", n>1. {zp,,n>1}={-1,1,-1,1,-1,...}

a) T, = n > 1. {a:n,nzO}:{—%,%,%,...}

¢) &, =cos(nm/3), n>0. {x,,n >0} ={1,1/2,-1/2,-1. —1/2,1/2.1,...}.

Definition 2.2. A real sequence {x,,n > 1} is said to converge to z € Rif Ve > 0,
3N € N such that
n>N = |z, —z|<e.

In such a case, we write lim z, = x, x,, —  as n — oo, or just x,, — x when it is clear
n—oo

that we are letting n — oo..

Example 2.2. Prove that lim %L = 0.

n— oo

Solution. Let ¢ > 0. By the Archimedean property, 3N € N such that N > é = % <
€. Then for n > N

0< ! < ! <

- < =<e

n-— N
Thus, n > N = |1/n—0| <e. O
Example 2.3. Prove that nl;ngo 3;};3 = %

Before we write the formal argument, let’s work backwards to think about how it should
go. We need to show that for all € < 0

3n—=5 3 -
2n+3 2

14
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for all large n. To see this, note that

3n—5 3| [6n—10—6n—9

2n+3_2‘_ 2(2n + 3) ‘
C-19
_‘2(2n+3)‘

20 10
~2(2n+3) 2n+3
<5

n

Now we are ready to write the formal proof.

Solution. Let € > 0. By the Archimedean property, choose an N € N such that % < i
Then by work above, n > N implies

3n—5 3‘
- <

§ 5 €
2n+3 2 n

N5

We next prove that limits are unique.

Proposition 2.1. Let {x,,n > 1} be a real sequence and let xz,y € R. If the x,, — = and
T, =Y asn — oo, then x = y.

Proof. First, note that z =y <= |t —y| =0 < |z —y| <e, Ve > 0. Let € > 0. Since
Zn = x, 3N7 € N such that n > Ny = |z, — 2| < £/2, and since =, — y, IN2 € N such
that n > No = |z, —y| < £/2. Let N = max{Ny, Na}, then n > N implies

3 9
o=yl = o = @0 + @0 — 9] < o —al +lan 9l < 5 + 5 =<

2

O
Example 2.4. Show that the sequence {(—1)",n > 1} does not converge.
Solution. Suppose that (—1)" — a for some a € R. Let ¢ = 1. Then 3N € N such that
n>N = | —(1)" —a| < 1. This implies that

[1—-al <1 and |—1—a| <1
Then
2=1+1=|l-a+a+1<|l—a|+|-1—-a|<1+1=2,

a contradiction. Thus (—1)" 4 a for any a € R. O

Proposition 2.2. Let {z,,n > 1} be a real sequence and let x € R:
a) If 3N € N such that x, > 0 for alln > N and x,, — x, then x > 0.

b) xp = ¢ = |x, —z| > 0.
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Proof. a) Suppose z,, > 0 for all n > N and that ,, — z. Suppose that z < 0. Let
e = |z|. Then n > N implies

|z — x| =20 —x =20+ |z| > |2] =€
Thus, x, /4 x, a contradiction.

b) ( = ) Lete > 0. Choose N € Nsuchthatn > N = |z, — 2| < e. Then
||zn, — x| — 0] = |z, — | < € for all n > N. Since € > 0 was arbitrary, |z, —z| — 0.

( <) Same as the above argument.
O

Proposition 2.3 (Squeeze Theorem). Let {an,n > 1} and {b,,n > 1} be real sequences
such that a, — 0 and |b,| < |ay| for alln > N for some N € N. Then b, — 0.

Proof. Let e > 0. Choose N1 > N such that |a,| < . Then n > Ny implies

|bn] < lan| < e.

O
2 2
Example 2.5. Show that lim nt3 =-.
n—oobn—7 5
Solution. First note that,
2n+3 2| _[104+15-10+14
S5n—7 5| 5(5n —7)
B 29
C5(n—T7)|
Now bn—7>n <= 4n—7>0 <= n > 7/4. Thus for n > 2, 5n — 7 > n and
2n+3 2| 29 30 6
S5n—7 5| [5(B5n—=T7)| 5 n
Since 6/n — 0,
2n+3 2 50
S5n—7 b
by the squeeze theorem. O

Definition 2.3. A sequence {x,,n > 1} is said to be bounded if 3M > 0 such that
|x,| < M for all n € N. That is —M < z,, < M for all n > 1. Otherwise, the sequence is
unbounded.

Example 2.6. Determine if the following sequences are bounded:

_ 3n—5
a) X, = omps, 1> L
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Solution. Note that for all n > 1

|zn| =

3n5“35/n

2n+3 2+3/n
3 5
< |2|__::|3//:| (by the triangle inequality)
3+5
< — =4,
- 2
Thus, |z,| <4 for all n > 1, so {z,,n > 1} is a bounded sequence. O

b) z, =n, n>1.

Solution. Let M > 0. By the Archimedean property, there exists and n € N such that
|z,| =n > M. Since M was arbitrary, {z,}, is not a bounded sequence. O

Proposition 2.4. FEvery real convergent sequence is bounded.

Proof. Let {x,,n > 1} be a real sequence such that x,, — « € R. Let N € N be such that
|z, — x| < 1. Then for n > N

|zn] = |zn —x+ 2| <|zp — 2|+ || <1+ |z|

Let M = max{|z| + 1,|z1],|z2]|,.-.,|zn-1]}. Then |z,| < M for all n > 1. That is
{zp,n > 1} is bounded. O

Proposition 2.5. If x,, — 0 and (yn)n s a bounded sequence, then x,y, — 0.

Proof. Let € > 0 and let M > 0 be such that |y,| < M for all n > 1. Choose N € N such
that |z, <e/M. Then for n > N

€
|Znyn| < M|z, <M~M =ec.

2.2 Limit Theorems for Sequences

Proposition 2.6. Let (x,,), and (yn)n be real sequences and let x,y € R. Suppose x,, —
x and y, — y. Then

b) Tnyn — Ty
¢) cxn = cx and Ty +c— x+c forallc €R

d) 1/x, — 1/x provided x,, # 0 for alln > 1 and x # 0.
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Proof. a) Let € > 0. Choose N; € N such that n > Ny = |z, — 2| < /2, and choose
Ny € Nsuch that n > Ny = |y, — y| < €/2. Let N = max{Ny, No}. Thenn > N
implies

<

2

19
I(anryn)f(:chy)lzlxnforynfylSlxnf:v|+ynfy|<§+ =e.

b) Let ¢ > 0. Since ¥, — ¥, (Yn)n is a bounded sequence. Let M > 0 be such that
lyn| < M. Let N1 € N be such that n > Ny = |z, — x| < 557, and let No € N be
such that n > Ny = |yn — y| < g5777y- Then for n > max{Ny, N>}

|$nyn - $y| = lmnyn — TYn + TYn — :cy\

< |Ynllzn — 2| + |2[|Yn — vl
g +| | g
co— T
2

<M T+ 1)

< E.

c) Let z, = ¢ for all n > 1. Then z, — ¢ and the results follow from parts a) and b).

d) Let € > 0. Let N7 € N be such that |z, — x| < |z|/2. Then |z,| > |z|/2 for all n > Nj.
To see this, suppose by contradiction that |z,| < |z|/2 for n > Nj. Then

T T
‘x|:|x—xn+xn|§|x—xn|+\mn|<%+|72|:|x|

which cannot happen. Now, choose Ny € N such that n > Ny = |z, — 2| < |z|?¢/2.
Then, for n > max{Ny, N2}, we have

1 1

T, I

|t — x| 2 ||
=e.

Ty — T

o fwallel el 2

Ty T
O]

Corollary 2.1. Suppose z,, < y, for alln > N for some N € N and x,, — = and y, — y.
Then x < y.

Proof. Let z, =y, — . Then 2z, > 0 for all n > N and z, — y — x. Then by a previous
proposition, y —x > 0, so y > x. O

Note 2.1. It is not true that z,, < y, for all n > 1 and z,, — z and y,, — y implies that
xz < y. Counsider z,, = 0 for all n and y,, = 1/n. Then x,, = 0 < 1/n = y, for all n, but

lim z, =0= lim y,.
n— o0 n—o0

The following proposition contains some special limits.

Proposition 2.7.

1
a) lim — =0 for all p > 0.

n—oo NP

b) lim a™ =0 if |a|] < 1.
n—oo
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¢) lim n'/™ =1.

n—oo

d) lim a'/" =1 fora>0.
n—oo

Proof. a) Let ¢ > 0. Let N € N be such that N > 1/e!/P (such an N exists by the
Archimedean property). Then n > N implies

RUEEE
npb npb

! <
— <&
NP

b) If a =0, then a™ = 0™ = 0 for all n and clearly lim 0 = 0. Suppose 0 < |a| < 1. Then

for some b > 0. (In particulare, b = —l 1 > 0.) Then |a|* =1/(1+b)". By

la| = 1+b
the Binomial theorem

n

(1+b)":Z<Z>bk:1+nb+~-~+b">nb.
k=0

Then
1

1= |

Since % — 0, the result follows by the squeeze theorem.

1
~nb

c) Let s, = nt/™ — 1. Note that s, > 0 for all n > 1, since n'/" >1 «— n>1" = 1.

Then "
—1
n= iy = (s =3 (o = M,
k=0
SO
0<s, < 2 .
- n—1

Let € > 0. Choose N € N such that N > 1+ (2/¢?). Then n > N implies

nt/m — 1| =s, <e.

d) Let a > 1. Thenforalln>a,1<a<n = 1<a1/"§n1/”,sothat
0<a/"—1<n'/"—1-0.

Thus by the squeeze theorem, a'/™ — 1. If 0 < a < 1, then
1 1

= T T (e Y

since 1/a > 1. The result is clear if a = 1.
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2.3 Infinite Limits

Definition 2.4. Let (z,), be a real sequence. We say that li_>m T, = o if VM > 0,

n o0
dN € N such that x, > M for all n > N. We say that li_>m T, =—00if VM <0,3IN €N
such that z,, < M for all n > N.

Note 2.2. We will now say that a sequence converges if it has a finite limit. We will say
that the limit exists if it either converges or diverges to +00 or —oo. Otherwise, the limit
does not exist.

Example 2.7. Determine if the following sequences are bounded or unbounded and whether
or not the limit exists.

a) x, = n?. This sequence is unbounded and lim n? = co.

n—roo

b) z, = —n. This sequence is unbounded and lim (—n) = —oo.
n— oo

¢) x, = (—1)™. This sequence is bounded, but the limit does not exist.
d) x, = ncos?(nm/2). This sequence is unbounded and the limit does not exist.

Example 2.8. Prove that lim (y/n+7) = oc.
n—oo

Solution. Let 0 < M < 8. Note that {x,, = /n + 7,n > 1} is bounded below by 8, so
Vvn+T7> M for all n > 1. For M > 8, note that

VR+T>M <= n>(M-T7)>2
Let M > 8. Choose N € N such that N > (M — 7)2. Then n > N implies

Va+T>VN+7> /(M =72+7=M.

Proposition 2.8. Let {x,,n > 1} and {y,,n > 1} be a real sequences.
a) If x,, > 0 and x,, — oo, then 1/x, — 0.

b) If x, > 0 and x,, — 0, then 1/x,, — 0.

¢) If &, — 00 and (yn)n is bounded, then x, + y, — oo.

d) If x,, — 00 and y, — y # 0, then

, if y >0
a0 Y
—o0, ify<O.

Proof.

a) Let e > 0. Since x,, — 00, there exists an N € N such that n > N = x,, > 1/e.
Thenn >N = 0< 1/z, <e.
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b) Let M > 0. Since x,, — 0, there exists an N € Nsuch thatn > N = 0 < x, =
|z, < 1/M. Thusn > N = M < 1/x,.

c) Let K > 0 be such that |y,| < K for alln € N. Then y,, > —K for alln > 1. Let
M > 0. Since x,, — 0o, we can choose an N € Nsuchthat n > N — =z, > M + K.
Then n > N implies

Tn+tyn > (M+K)— K =M.

d) First, suppose y > 0. Let M > 0 and choose Ny € N such that n > N implies

lyn —y| < y/2 <= y/2 <y, < 3y/2.

Let N2 € N be such that n > No = x,, > 2M/y. Then n > max{Ny, No} implies

> — L =M
TnYn = Y 9

The case where y < 0 is similar and left as an exercise.

2.4 Monotonic Sequences

Definition 2.5. A real sequence {z,,n > 1} is said to be nondecreasing (or increasing)
provided x,, < x,,41 for all n > 1, and (z,), is said to be nonincreasing (or decreasing)

if &, > @41 for all n > 1. In either case, we call the sequence monotonic.
Example 2.9.

) (1/n), is a decreasing sequence.

a
b) (- +1)n is an increasing sequence.

n
—1/2% > 0 for all z > 1.

c) (n + 1) is an increasing sequence. To see this, let f(z) = z + 1/, then f'(z) =
. n

d) (—1)" is not monotonic.

Proposition 2.9. Let (x,), be a real sequence.

a) If (xn)n is increasing, then T, — Sup,,>1{T, }(< 00).

b) If (zn)n is decreasing, then x, — inf,>1{z,}(> —00).

¢) If (xy)n is monotonic, then (xy,)y is convergent if and only if (x,)n s bounded.

Proof. Let (z,), be a real sequence.
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a) First suppose that (), is bounded above so that ¢ = sup,> {z,} < co. Let € > 0.
Then by definition of supremum, 3N € N such that

c—e<zy <c
Since (x,), is increasing, n > N = c—e <y < x, < ¢, S0
|z, —c| <& forallm > N.

Now suppose that (x,,), is not bounded above, so that sup,~;{z,} = 0. Let M > 0
and let N € N be such that xxy > M (such and zy exists since (z,,), is not bounded
above). Then for n > N, x, > xn > M, since (z, )y is increasing. Thus z, — oo =
SUp,>1{%n}-

b) The proof is similar to a) and left as an exercise.

¢) Suppose (z,), is monotonic. We proved earlier that if (z,), is convergent, then it is
bounded. Suppose that (x,), is bounded. Since (z, ), is monotonic, it is either in-
creasing or decreasing. If (z,,)y is increasing, then by part a) x, — sup,~;{zn} < 0.
If (z,,)n is decreasing, then by part b) z,, — inf,>1{x,} > —c0. a

O

Example 2.10. Let x; = 1 and define z,, = /32,1 for n > 2. Show that (z,), con-
verges and find its limit.

Solution. Note that o9 = v/3 %1 > 1 = x7. Now suppose that z; < xj41 for some k € N.

Then
Tht1 = V3T < /3Tpy1 = Tpqo.

Then by the prinicple of mathematical induction, we have that x,, < z,41 for alln > 1.
That is (z,,), is an increasing sequence.

Next, we need to show that (x, ), is bounded above. Note that 7 = 1 < 10. Suppose that
rr < 10 for some k£ € N. Then

T = V3TE < V3% 10 = /30 < 10.

So by induction x, < 10 for all n € N.
Since (), is increasing and bounded above, (), is convergent and z,, — sup,,>1{x}

Let ¢ = sup,>1{zn}. Then z, — ¢ implies \/3z, 1 — V/3c. Since z,, = \/3x,_; for all
n > 2, we must have

c=V3c = ?—3c=c(c—3)=0,

so ¢ =0 or ¢ =3. Since 1 = 1 and (zy,),, is increasing, ¢ = 3. O

Example 2.11. Let A > 0 and let 1 = 1. Define z,, = % (mn_l +
Show that z, — VA.

) for all n > 2.

Tp—1
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Solution. We will need to use the Cauchy inequality: If a,b > 0, then a + b > 2v/ab. We
will first show that z, is bounded below by v/A for n > 2. Note that for n > 2

1 A 1 A
Tn =5 | Tn-1+ > =2 [T =VA.
2 n—1 2 n—1
Next, note that for n > 2
n A x% —A >0
Tp — T =Tn — 5| Tn — | = 5. =
1 2 n 2,

Thus, (z,), is a decreasing sequence that is bounded below, so lim,,_, o z, = ¢ exists and
is finite. Therefore,

. /.. A 1 A
mz,==-(lmaz, 1+ ———— | = c==|c+—],
n—o00 2 \n—oo lim,,—y 00 Tr—1 2 c
so we get the equation
A=A = c=VA,
since we know ¢ > VA. O

2.5 Limit Superior and Limit Inferior
Definition 2.6. Let (x,), be a real sequence. The limit superior is defined by

lim z, = limsupx, = lim sup z.
n— oo n—o00 n—oo k>n

The limit inferior is defined by

lim z, =liminfz, = lim inf z.
n—00 n—00 n—oo k>n
Note 2.3. The limit superior and inferior always exists. To see this, note that for all n >
1
supxyk > sup zp and inf xp < inf zy.
k>n k>n+1 k2n k>n+1
That is {supy>, zx}ne; is a decreasing sequence and {infy>, 21 }52; is an increasing se-
quence. Thus the limit superior and inferior always exist (possible infinite) by Proposition
2.9. Furthermore, since infy>, T, < supys,, zy for all n > 1. It is clear that

liminf z,, <limsupz,
n— o0 n—oo

is always true.
Example 2.12. Let z, = (—1)"+2 for n > 1. Then {z,,n > 1} = {0,3/2,-2/3,5/4,.. .}.
Note that the terms with an even index are

1 2%+1
= 1 _— =
T =LA o= op
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which are decreasing to 1, and the terms with an odd index are

1 -2
2%k+1 2k+1’

Tok41 = —1+

which are decreasing to —1. Then

1+ 5, if n is even .
Sup ry = 1 e and inf zp = —1.
k>n 1+ PICE=E if n is odd. k>n
Thus lim, o ¥, = 1 and lim,,_, = —1.

Proposition 2.10. Let (x,), be a bounded sequence in reals. Then
a) B = h_im Tn if and only if

(i) Ye >0, 3N € N such that x,, < 8+ ¢, ¥n > N.

(i) Ve > 0 and ¥Yn € N, 3k > n such that § — e < xy,.

b) a = lim =z, if and only if

n—oo

(i) Ve >0, 3N € N such that « — e < xy,, Yn > N.
(i) Ve > 0 and Vn € N, 3k > n such that xp < o + €.

Proof. Let t, = supys, Tk, n > 1. Note that (tn)n is a decreasing sequence, S0 t, —
infnzl tn = ﬂ Then

Ve > 0, AN € N such that ty < S+ ¢

B = inf t, <
n>1 Ve >0, f—e<t, YneN

Ve > 0, AN € N such that zx, < 8+ecVk > N
Ve > 0, dk > n such that f —e < xp, Vn € N

To see why, we can argue as follows. ( = ) To prove (i), let ¢ > 0. Choose N € N such
that |t, — | < e for a all n > N. This implies that for n > N

Tp < sup xx =ty < B +e.
k>N

To prove (ii), let € > 0 and let n € N. Then

—e< fB=inft, <t,=s .
B B nfty <tn kglil'k

By definition of supremum, 3k > n such that

B —e <z <supw;.
jzn

( <= ) To see the reverse direction. Let ¢ > 0. Then by (i), we can choose N € N such
that £ > N implies

€ €
rp<B+= = t,<ty=suprp <B+-<pB+e Vn>N.
2 E>N 2



2.5. LIMIT SUPERIOR AND LIMIT INFERIOR 25

Note that by definition of supremum, x), < sup;-,, ; whenever k > n, so (ii) implies that
B —¢e <ty for all n € N. Thus, we have for n > N, |t, — (] < e.
The proof of part b) is similar and is left as an exercise. O

Theorem 2.1. Let (z,), be a sequence in R. The limit of (xy,), exists if and only if
lim x, = lim x,. In such a case,
n— oo n—co

lim z, = lim z, = lim z,
n—oo n—,oo n—oo

Proof. ( = ) Suppose that lim,,_, . x,, exists. Then we need to consider three cases: (i)
xn, =z €R, (i) z, — oo (iil) z, = —o0.
Let t, = supy>,, o, and s, = infy>, zx for n > 1.

Case i: Suppose x, — = € R. Let ¢ > 0. Then by the definition of a limit, we can choose an
N € N such that n > N implies

€ € €
|xn—x\<§ = m—§<xn<x—|—§.
Then
r-S<sy<ty<ao+o.
2 2
Since (s,,)n is an increasing sequence and (t, ), is a decreasing sequence, we have

3

. 3. 8
r——-<sy < lim z, and lim xngtN§w+§.

2 n—o00 n—oo

Combining the previous two inequalities, we get

Since € > 0 was arbitrary,

lim z, = lim z,.
n—oo n—00

Case ii: Suppose that x,, — oo. Let M > 0. Choose N € N such that n > N implies
M < z,. Then for alln > N
M S SN S Sn-

Thus lim;, o0 §p, = lim,,_, @, = 00. Since

lim z, < lim z,,
n—o00 n—oo

the result follows.
Case iii: Similar to case ii. I leave the proof as an exercise.
(<=). Again, we need to consider three cases.

Case i: Suppose lim,, , =z, limp o0 Tn = ¢ € R. Let € > 0. Then = = lim,,_, o0 =, implies
dN; € N such that z, < x4+ ¢ for alln > Ny, and z = lim, , =, implies 3Ny € N
such that x,, > 2 — ¢ for all n > Ny. Thus for n > max{Ny, Na}

T—e<xy, <xHe = |p,—x|<e,

SO Ty, — T.
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Case ii: Suppose lim,,_,  x, = lim, o0 Tn = 00. Let M > 0. Then 3N € N such that n > N
implies
M < s, = M<5N:ki£11fvxk§a:n, Vn > N.

Thus, z,, — oo.

Case iii: lim,_, 2, = limy, o0 5, = —00. Similar to case ii. I leave the proof as an exercise

O
Proposition 2.11. Let (z,,)n and (yn)n be real sequences.

a) If p, < yn, then lim z, < lim y,, and lim z, < lim y,.
n—oo n—oo

n—o0 n—oo
b) lim —x, = — lim z, and lim —x, = — lim z,.
n—00 n—oo n— o0 n—00

¢) lm (z, +y,) < lim 2, + lim y, with equality if either sequence converges.
n—00 n— 00 n—00

d) lim x, 4+ lim y, < lm (2, + y,) with equality if either sequence converges.
n—oo n—oo n—oo

e) If p,yn > 0 for alln > 1, then lim (z,y,) < lim x, - lUm y, with equality if either
n—oo n—oo n—oo
sequence converges.

f) If xp,yn >0 for alln > 1, then lim z, - lim y, < lim (x,y,) with equality if either
n—oo n—oo n—oo
sequence converges.

Proof. We leave the proof as an exercise. O

Example 2.13. Consider the sequences x,, = (—1)" and y,, = (—1)"*1.2 for n > 1. Then
Tn +yn = (=1)"F for all n > 1, and

lim z, = —1, lim y, = -2, lim 2, =1, and lim vy, = 2.
n—oo n—oo n—00 n—00

Thus

—3 = lim 2,+ lim y, < -1 = lim (z,+y,) < 1= lim (z,+y,) < lim z,+ lim y, = 3.
n— 00 n—00 n— o0 n—00 n—00 n—00

The following theorem will be useful later for tests of convergence for series.
Theorem 2.2. Let {s,,n > 1} be a real sequence with s, > 0 for alln > 1. Then

. S 1 . . -— S 1
lim 22F < lim 5711/" < lim 3711/" < Iim 2L
n—oo Sn n— oo n—00 n—oo Sy

Proof. Let a = lim,, ,__ 8n+1/8n and 8 = limy, 00 Sn+1/8n. The first inequality clearly
holds if @ = 0, and the third inequality clearly holds if § = co. WLOG, assume « > 0 and
B < 0o. Choose a1, 51 € R such that

0<a; <a and B< B < oo.
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Then by Proposition 2.10, we can choose and n € N such that n > N implies

Sn+41
041<L<ﬂ1.
S

n

Thus,
1SNy < Sy4+1 < ﬁlsN and a15N+1 < SN2 < ,81SN+1.

Together, these imply that
a?sN < Sn42 < 6%51\;.

We now proceed by induction. Suppose that
OzlfSN < SN4k < ﬁfSN

for some k£ > 1. Then a1syik < SN4+k+1 < S1SN+k With the induction hypothesis implies

k+1
1 S

k1, k k _
a7 sy = ag(aysy) < oSNk < SNkl < P15k < BUSN4k = N-

Thus by induction, a’fsN < SN4k < 6{“51\/ for all k > 1. So forn > N,

n—N n—N
o] sy < sp < B s,

s 1/n s 1/n
N 1/n N
« - <s < — .
' (Oéiv> wsh (a{V>

Since sy /ad > 0 and sy /B > 0, we have

SN 1/n SN 1/n
im (X)) = gm (X)) =1,
200 <a{V> ns0o0 (5{V>

1/n 1/n
ar = lim oy <SJA\[,) < ﬁQSL/”Sn@OS}L/"Sn@ﬁl (;%) = B

n—00 aq n—00 1

and

SO

Since 0 < a1 < a and 8 < 1 < oo were arbitrary, it follows that

a < lim s/" < Tim sY/™ < B.

n—oo n—00
O
Corollary 2.2. Suppose {s,,n > 1} is a reals sequence with s, > 0 for allmn > 1. If
lim $,4+1/8, exists, then lim 5,11/ " exists and both limits are the same.
n—oo n—oo

Example 2.14. Find the limit of z,, = (1/n!)'/™. Let s, = 1/n! and note that z, = s,

and
Spe1 1/(n4+1)0 1

= —
Sn 1/n! n+1

so by the previous corrolary, lim, . z, = 0.

0,
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2.6 Subsequences

Definition 2.7. If (z,,), is a sequence, then a subsequence of (x,), is a sequence of the
form {z,,,k > 1} where n; < ni41 for all k € N. For this subsequence, we write (2, ).

Note 2.4. Because (ng)r C N and ng < ngs1, we have ni > k for all k € N. Given any
sequence, there are infinitely many subsequences.

Example 2.15. The sequence of all evenly indexed elements of (z,,)n, (or)k, and the
sequence of all oddly indexed elements of (x,,)n, (Z2x+1)k are subsequences.

Proposition 2.12. Let (z,,)n be a real sequence. If the limit of (xy,)n exists and (zy, )y is
a subsequence, then the limit of (zn, )k also exists and lim, o0 Ty = Mg 00 Ty, -

Proof. We need to consider three cases: (i) z, — x € R, (ii) z, — oo, and (iii) x,, = —o0.

Case i: Suppose z,, = « € R. Let € > 0. Since z,, & x, AN € Nsuch that n > N —
|z, — x| <e. Then k > N = ny > k > N, so that |z, — x| < e forall k > N.

Case ii: Suppose z,, — oco. Let M > 0. Since x,, — oo, AN € N such thatn > N —
xn > M. Let kg € N be such that k > kg = ny > N. Then k > ky = z,, > M.

Case iii: Similar to case ii. The proof is left as an exercise. O

Proposition 2.13. If x, 4 x € R, then 3¢ > 0 and a subsequence (Tn, )i C (Tn)n such
that |z, — x| > € for all k > 1.

Proof. Note that z,, 4 = € R if and only if 3¢ > 0 such that VN € N In > N such that
|z, — 2| > . We will construct a subsequence inductively. Choose € > 0 such that this
holds. Let N = 1. Then 3n; > 1 such that |z, — 2| > . Suppose that k > 1 and that
ny < ng < --- < ng have been chosen so that |acnj — x| > e for 1 < j < k. By hypothesis,
Ing1 > ny osuch that |z, — x| > . Then by induction, 3 a subsequence (xy, ) such
that |z,, — x| > ¢ for all k > 1. O

Definition 2.8. Let (z,), be a sequence in R. Then z € R U {—o00, 00} is said to be a
subsequential limit point of (z,), if 3 a subsequence (x,, ) of (z,), such that z,, —
x.

Note 2.5. By Proposition 2.12; if z,, — = € R, then x is the only subsequential limit
point.

Example 2.16. Let x,, = (—1)". Then the only subsequential limit points of (z,), are
{—1,1}. Note that xor, = (=1)* =1 = 1 and w1 = (=1)?**!1 = -1 — —1.

Theorem 2.3. A point x € R is a subsequential limit point of the real sequence (), if
and only if Ve > 0 and YN € N, In > N such that |z, — x| < €.

Proof. ( = ) Suppose that z € R is a subsequential limit point of (z,),. Then 3 a
subsequence (2., )i C (zn)n such that ©,, — x ask — oco. Let ¢ > 0, and let N € N.
Since x,, — x, 3K € N such that k¥ > K = |z,, — x| < e. Let k£ > max{K, N}. Then
ng > k>N and |z, — x| <e.

( < ) Suppose that Ve > 0 and VN € N, 3n > N such that |z, — 2| < . We will
construct a subsequence (z,, )i such that x,, — x. Lete = 1 and N = 1. Then by
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hypothesis, 3n; > N = 1 such that |x,, — 2| < 1. Suppose that k& > 1 and that n; <
ng < --- < ny have been chosen so that |z,;, — x| < 1/j forall 1 < j < k. Then by
hypothesis, Ing1 > ny + 1 > ny such that |z, , — x| < 1/(k+1). Thus by the principle
of mathematical induction, 3 a subsequence (z,, )i of (), such that |z,, —z| < 1/k for
all £ > 1, and by the squeeze theorem z,, — x. O

Corollary 2.3. z € R is a subsequential limit point of (xy,)n if and only if Ve > 0, (z —
g,x + &) contains infinitely many terms of (Tn)n.

Theorem 2.4 (Bolzano-Weierstrass). Fvery bounded sequence in R has a convergent sub-
sequence.

Proof. Let (z,), be a bounded sequence in R. Then lim, , x, =« € R and limy,—s o0 T =
B €. We now claim that o and j are subsequential limit points of (x,,),. Let € > 0. Then
by Proposition 2.10., o = lim x, if and only if

n—r o0

(i) 3N € N such that « —e <z, Vn > N
(ii) Vn € N, 3k > n such that z, < a + €.

This implies that Vn > N, 3k > N such that « —e < 2y, < a+e = |z —a| < e. Thus
by Theorem 2.16, « is a subsequential limit point of (z,),. A similar argument also shows
that (8 is a subsequential limit point of (z,),. The proof is left as an exercise. O

We proved the following corollary for the case where (z,,), is a bounded real sequence

in the proof of the Bolzano-Weierstrass theorem, but it remains true if either the limit
superior or limit inferior are 400 or —oo. We omit the proof of the infinit limit cases here
but it can be found in Ross.

Corollary 2.4. Let () be a sequence in R. Then lim Xy, and im,,_, o T, are sub-

sequential limit points of (Tp)n.-

Nn—r 00

Theorem 2.5. Let (z,), be a sequence in R, and let
S ={z e RU{—o00,00}|z is a subsequential limit point of (xy)n}.
Then
a) inf S =lim, , x, and sup S = lim,, 0 .
b) lim, oo x, = = if and only if S = {x}.
Proof.

a) By Corollary 2.4, lim, .z, = a € S and lim, oo p = B € S. Let t € S. Then 3
a subsequence (x,, ) of (x,), such that z,, — t as k — co. Note that inf, >y z, <
infy>n @y, since ny >k = {x,,,k > N} C{z,,n > N}. Thus o =1lim, , x, <
lim, . x,, =t. A similar argument shows that ¢ = limy o Tp, < limy o0 Tn = B.
Thus Vt € S, a <t < . Since «, 8 € S, the result follows.

b) By part a), S = {z} < lim Ty =My oo T = T <= T, — .

n—r 00



2.7. BASICS OF TOPOLOGY IN METRIC SPACES 30

2.7 Basics of Topology in Metric Spaces

Definition 2.9. Let S be a nonempty set. A metric is a function d : S x S — R such
that

a) d(z,y) >0 for all z,y € S and d(z,y) = 0 if and only if x = y.

b) d(z,y) = d(y,z) for all z,y € S.

c) d(z,y) <d(z,z) +d(zy) for all z,y,z € S.

A nonempty set S together with a metric, (S,d), is called a metric space.

Example 2.17. The distance function d(z,y) = |« — y| is a metric on the real line. Thus
(R,d) is a metric space.

Note 2.6. Though we will continue to prove theorems in the case of R, most theorems in
this section apply to general metric spaces. In fact, the only theorem in this section that
is specific to R or R* is the Heine-Borel theorem. All other results will hold more gener-
ally in a metric space. Indeed, many of the results for sequences that we have seen so far
hold for a general metric space, and the proofs are similar with the only modification of
the proof needed to generalize it to a metric space is to replace |z — y| by d(z,y).

Definition 2.10. A sequence (x, ), in R is said to be Cauchy if Ve > 0, 3N > N such
that m > n > N implies
|Zm — x| <e.

Proposition 2.14. Let (z,), be a seqeuence in R. Then
a) If (xp)n is converges, then it is Cauchy.
b) If (xn)n is Cauchy, then it is bounded.

¢) If (xy)n s Cauchy and x,, — x € R for some subsequence of (xn, )i Of (Tn)n, then
Ty — .

Proof.

a) Let € > 0. Since z,, - = € R, 3N € N such that n > N = |z, — 2| < /2. Then for
m>n>N
|xm—xn|:\zm—m+x—xn|§|xm—x\+|xn—x|<g—|—%:a
b) Let ¢ = 1. We can choose N € N such that |z, — z,| < 1 whenever m > n > N. Then
forn> N
|zn| = |z — 2N +on| < |zn —2n| + |z < 14 |zN]

Let M = max{1 + |zn]|,|z1],|z2|,.-.,|zn—-1|}. Then |z,| < M for all n > 1.

c) Let (xy,)n be a Cauchy sequence in R and let (z,,)r be a subsequence of (z, ), such
that that z,, — x € R. Let ¢ > 0. Choose K € N such that k > K = |z,, —z| <
g/2. Let N € N be such that m >n > N = |z,,—x,| < £/2. Fix a kg > max{K, N}.
Then ng, > ko > max{K, N} and n > N implies

e €
|Tn — @ = |Tn — Tnyy + Ty, — | < |Tn — Ty | + [Ty, —a:|<§—|—§:£.
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O

Definition 2.11. A metric space (5, d) is said to be complete if every Cauchy sequence
in S converges to an element in S.

Theorem 2.6. R is complete.

Note 2.7. Completeness is a nice property when exploring convergence. If a metric space
is complete, then we can show that a sequence converges, without knowing what it con-
verges to, by showing that it is Cauchy.

Proof. To show that R is complete, we need to show that if a sequence is convergent that
it is Cauchy, and if a sequence is Cauchy, then it converges to some element of R. The
first half was proven in Proposition 2.14. It remains to show that if (z,,), is a Cauchy se-
quence in R, then 3z € R such that z,, — =.

Let (z,,), be a Cauchy sequence in R. Then by Proposition 2.14(a), (2, ), is bounded,
so by the Bolzano-Weierstrass theorem, (z,,), has a convergent subsequence (z,, )i. Let
x € R be such that x,, — x. Then by Proposition 2.14(c), =, — x. O

Definition 2.12. An e-neighborhood of a point ¢ € Ris{y € R : |[x —y| < €} =
(x —e,x 4+ ¢). This is also called an open ball of radius ¢ and is denoted B(z,¢).

Definition 2.13. A set A C R is said to be open if Vx € A, 3¢ > 0 such that
B(z,e) = (x —e,x+¢) C A
Example 2.18. Determine if the following sets are open in R.
a) A=(0,1). Yes
b)
c)
d) A = Q. No. Recall the irrationals are dense in R, so Vr € Q and Ve > 0, 3¢ € R\ Q
such that r —e < ¢ <r <r+e. Thus B(r,e) ¢ Q.

A=
A =10,1). No, because of 0.
A =11,2]. No, because of {1,2}.

Note 2.8. The sets () and R are both open in R.
Proposition 2.15. An open ball is an open set.

Proof. Let B(z,e) = (z — ,2 + €) be an open ball of radius £ > 0, and let y € B(z,¢).
Then |z —y| <e. Let p=e— |z —y| >0, and let z € B(y, p). Then

|z —zl=lz—y+y—z<|le—yl+ly—zl<lz—yl+p=c
Thus B(y, p) C B(x,¢). O
Definition 2.14. The interior of a set A is
A° = {z € A|3e > 0 such that B(z,e) C A}

Proposition 2.16. A is open if and only if A = A°.
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Proof. ( = ). Suppose that A is an open set. Then Vz € A, Je > 0 such that B(z,¢e) C
A. Thus A C A°. Tt is clear that A° C A. Thus A = A°.

( <= ) Suppose that A = A°. Let x € A. Then = € A°, so Je > 0 such that B(x,e) C A.
Since = € A was arbitrary, A is open. O

Example 2.19. Find A°

a) A=1[0,2]. Then A° = (0,2)
b) A= (0,3 U{6}. Then A° = (0,3).
c) Q° =10

d) A={l/n:neN}. Then A° = 0.

Proposition 2.17. A° is the largest open set contained in A.

Proof. Let x € A°. Then Je > 0 such that B(x,e) C A. Since B(x,¢) is open, Vy €
B(z,¢e), 3r > 0 such that B(y,r) C B(x,e). Thus B(z,c) C A°, so A° is open. Now, let
B be an open set such that B C A. Then Vo € B, 3¢ > 0 such that B(z,r) C B C A, so
x € A°. Thus B C A°. O

Proposition 2.18.
a) The union of an arbitrary collection of open sets is open.
b) The intersection of a finite number of open sets is open.

Note 2.9. The intersection of an arbitrary collection of open sets may not be open as the
following example shows.

Example 2.20. Let 4,, = (=1/n,1/n) for n > 1. Then each A,, is open buy

1 1
ﬂ;z.ozlAn = ﬂ?f:l (_v ) = {0}7

which is not open.
Proof.

a) Let (A;);er be a collection of open sets, and let A = U;crA;. Let © € A. Then z € A;
for some ¢ € I. A; open implies e > 0 such that B(z,e) C A; C A. Thus A is open.

b) Let A;,i = 1,...,nbeopen and let A = N, A;. Let x € A. Then z € A; for all
i =1,2,...,n,80 3r;,i = 1,2,...,nsuch that B(z,r;) C A;;i = 1,2,...,n. Let
¢ =min{ry,rs,...,7,}. Then B(x,e) C A; for all i =1,2,...,n, so B(z,r) C A.

Definition 2.15. A set A C R is said to be closed if A° =R\ A is open.
Example 2.21. Determine if the following sets are closed.

a) A=[1,5]. Yes since R\ A= (—o0,1) U (5,00) is open.
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b) A =][1,6). No, since R\ A = (—00,1) U [6,00) is not open due to the point {6}.

c) A={1/n:n e N}. No. R\ A is not open since 0 € R\ A, but every interval around 0
contains a point in A, i.e. Ve > 0, 3z € A such that = € B(0,¢). So R\ A is not open.

Proposition 2.19. Let A CR. Then A is closed if and only if V(zp)n C A and x, — x €
R implies x € A.

Before we prove this result, let’s look at a few application.
Example 2.22. Determine if the following sets are closed.
a) A={1/n:n €N} is not closed because (1/n), C A and 1/n — 0 but 0 & A.

b) A =10,2) is not closed because (2 —1/n), C Aand 2 —1/n — 2 but 2 ¢ A. Note that
A is neither closed nor open.

c) A= {x € Rj2® + 32* < 2}. This set is closed. Let (z,), C A and suppose that x, —
x € R. Then 25 + 322 < 2 for all n > 1. This implies that x> + 3z% — 2° + 32* < 2, so
x €A

Proof. (=) Suppose A is closed and let (x,), C A be a convergent sequence with limit
x € R. Suppose that © ¢ A. Then 2 € R\ A which is open. Then Je > 0 such that
B(xz,e) C R\ A. Since x,, — x, AN € Nsuch thatn > N = |z, —z|<e = x, €
B(z,¢), a contradiction with x,, € A.

( <) Suppose that whenever (x,), C A and z,, — = then € A. Suppose that A is not
closed. Then R\ A is not open, so 3z € R\ A such that Ve > 0, B(z,e) ¢ R\ A. This

implies that B(z,e) N A # () for all € > 0. Let ¢ = 1/n and choose z,, € B(z,1/n) N A for
each n > 1. Then (z,), C A and |z, —2z| < 1/n - 0 = =z, — x. Thus by assumption
x € A but this contradicts z € R\ A, so A must be closed. O

Proposition 2.20.
a) The intersection of an arbitrary collection of closed sets is closed.
b) The union of a finite collection of closed sets is closed.
Proof.
a) Let (A;)ier be a collection of closed sets and let A = N;crA;. Then
A® = (NierAi)® = Uier AS
which is open since A is open for all 7 € I.
b) Let Aj,..., A, be closed sets and let A = U ;A;. Then
A = i, A

is open since A{ is open for all i =1,2,...,n.
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Definition 2.16. The closure of A, denoted A, is the intersection of all closed sets con-
taining A, i.e. B
A =nN{B|A C B and B is closed}.

Note 2.10.
e A is closed and is the smallest closed set containing A.
o A is closed if and only if A = A.

Proposition 2.21. The following are equivalent:

a) v A

b) Ve >0, B(z,e) N A#0.

¢) Hxn)n C A such that x,, — x.

Proof. (a) = b)). Let z € A. Suppose b) is not true. Then 3 > 0 such that B(z,e) N
A=0 = ACR\ B(z,e) = B. Since B is closed and A C B, A C B, but x ¢ B and
x € A, a contradiction.

(b) = c¢)). Let e = 1/n. Choose z,, € B(z,1/n) N A. Then (z,), C A and |z, — 7| <
1/n—0 = =z, — .

(¢) = a)) Suppose (¥,), C Asuchthatz, — z,butz ¢ A. Thenz € R\ A
which is open, so 3¢ > 0 such that B(x,e) C R\ A. Since z,, — x, 3N € N such that

n >N = |z, —z| < e. This implies that z,, € B(z,¢) C R\ Aforn > N, but
x, € AC Afor all n > 1, a contradiction. Thus, ¢) = a). O

Example 2.23. Find A.

a) A= (0,1). Then A = [0,1].

b) A=(-1,2)U{3}. Then A =[-1,-2]U{3}.
¢) A=N. Then A =N

d) A=(-2,2)U(3,5]. Then A = [-2,2] U[-3,5]
e) A={l/n:neN}. Then A= AU{0}.

f) A={n/(n+1)|n € N}. Then A = AU {1}.

Definition 2.17. A point z € R is said to be an accumulation point of A C R if
Ve > 0, B(x,e) contains a point in A different from z. The set of all accumulation points
is denoted A’.

Proposition 2.22. x € A’ if and only if Ve > 0, B(x,e) N A contains infinitely many
points.

Proof. (<= Clear.

(=) Let z € A’. Suppose that B(z,e) N A is finite for some € > 0. Let {x1,20,...,2,}
be the distinct points in B(z,e) N A different from x (since x € A’, there is at least one
such z;). Let p = min{|x — 21|,..., |z — z,|} > 0. Then B(z,p) N A is either empty or
contains only z, a contradiction with z € A’. O
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Proposition 2.23. z € A’ if and only if I(xn)n C A\ {a} of distinct elements such that
Ty #x and T, — T.

Proof. ( <= ) Suppose that (z,), is a sequence of distinct elements in A \ {z} such that
Zn — . Let € > 0. Then IN € N such that n > N = |z, — x| < € for n > N. Thus

B(z,e)NAD {z,,n > N},

which contains infinitely many points, so x € A’.

(= ) Let z € A’. Choose and z; € B(x,1) N A such that 21 # 2. Now suppose that

for some k > 1, x1, 2, ..., 2, have been chosen such that z; # x; whenever i # j, z; # «
and z; € B(x,1/i)N A, , i=1,...,k. Then we can choose an zy4; € B(x,1/(k+1))NA
such that x4 # x; for alli = 1,... k, and z441 # z, since B(z,1/(k + 1)) N A contains
infinitely many points. Thus, by induction we have a sequence of distinct elments (x,,),, C
A such that z,, # z and |z, — 2| <1/n - 0 = =z, — . O

Proposition 2.24. A =AU A’.

Proof. Clearly A C Aand A’ C A,so AUA C A. Now,letx € A. If x € A, then
x € AUA’. Suppose x € A. Then by Proposition 2.21(b), B(xz,e)NA# D foralle >0 =
B(z,e) N A contains a point distinct from z for all € > 0, since = ¢ A. O

Definition 2.18. The boundary of a set A, denoted 0A, is
0A=ANR\ A

That is z € JA if Ve > 0, B(x, &) contains a point in A and a point not in A.

Example 2.24. Find 0A.

a) A=(0,1). Then 0A ={0,1}.

b) A={1/n:n e N}. Then 94 = AU {0}.

¢) A=Q. Then A=Rand R\ Q =R, so Q = R.

d) A=N. Then 0A =N.

Definition 2.19. A point x € A is said to be an isolated point if 3¢ > 0 such that
B(z,e)NA={xz}.

Example 2.25. Find the isolated points of A.

a) A= (0,1)U{8}. The only isolated point is 8.

b) A= {1/n:n € N}. Every point of A is an isolated point.

¢) A =N. Every point of N is an isolated point.

Definition 2.20. An open cover of a set A is a family of open sets, (G;);cs such that
A C UierG;.

Definition 2.21. A is said to be compact if every open cover of A has a finite subcover,
i.e. if (Gy)ier is an open cover of A, then iy, 49,...,i, € I such that A C U}_,G;,.
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Proposition 2.25. A compact set is bounded.

Proof. Let A be compact and let zp € S. Then A C U B(zg,n), so (B(zg,n))5 is an
open cover of A. By compactness of A, there exists an ng € N such that A C U'%, B(xg,n0) =
B(xg,ng). Thus for all z € A

|z| = |z — 2o + xo| < |z — o] + |zo| < Mo + |20,
so A is bounded. O

The following theorem gives a nice characterization of compact sets of metric spaces in
terms of sequential compactness.

Theorem 2.7. The following are equivalent:
a) A is compact.
b) Every sequence in A has a subsequence that converges to a point in A.

Proof. We only prove the first half

(a) = b)). Suppose that A is compact. Let (z,), be a sequence in A, and suppose that
for all x € A, (x,), has no subsequence which converges to an € A. Then for each z €
A, Je, > 0 such that z,, € B(z,e,) finitely often (otherwise a 3(x,, ))r such that z,, —
for some x € A). Clearly A C UgeaB(x,e,). Since A is compact, Jy1,¥s,...,yv € A such
that (2,), C A C UN,B(yi,ey,). But (z,,), is infinite, so at least one of B(y;,¢,,) must
contain infinitely many of (z,), a contradiction.

(b) = a)) See Rudin Theorem 2.41, p.40, for the case of R* or DePree and Schwartz
(1988) Theorem 6, p.299 for the general metric space case. O

Proposition 2.26. If A is a compact set, then A is closed.

Proof. Let (zn,), be a sequence in A such that xz,, — . Since A is compact, 3 a sub-
seqeuence (zn, )i of (zn)n such that z,, — x9 € A. Since x, — =z, z,, — z, and
x =1x9 € A. Thus, A is closed. O

The following theorem not true in a general metric space, but it does hold in R¥ for all
k > 1. The Heine-Borel theorem gives a nice characterization of compact sets in R¥.

Theorem 2.8 (Heine-Borel). Let A C R¥. Then A is compact if and only if A is closed
and bounded.

Proof. We will prove this in the case of R, but the proof is exactly the same for general
Rk,

( =) This implication is just Proposition 2.25 and 2.26.

( <= ) Suppose that A is closed and bounded. Let (z,), be a sequence in A. Then (z,,)n
is bounded, so by the Bolzano-Weierstrass theorem (), has a convergent subsequence
(%, )k such that z,, — = € R. Since (xy,, ) C A and A is closed, © € A. So every

sequence in A has a convergent subsequence that converges to a point in A, which implies
A is compact. [

Proposition 2.27. Let A be a compact set and let B C A be closed. Then B is compact.
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Proof. Let (z,), be a sequence in B. Then (x,), is also a sequence in A. Since A is com-
pact, 3 a subsequence (2, )i of (,), such that z,, — x € A. Since B is closed, x € B.
Therefore, B is compact. O

Example 2.26. Determine if the following sets are compact.
a) A= Q. No, because Q is not closed.

b) A= {1/n:n € N}. No, because A is not closed.

¢) A =N. No, because A is not bounded.

d) A=1[0,71U{9}. Yes, because A is closed and bounded.

) A =(0,9]. No, because A is not closed.

)

e

f) A= {z:2%>1}. No, because it is neither closed nor bounded.

2.8 Series

Definition 2.22. Given a sequence (a,), in R, the nth partial sum is

n
sn:Zak=a1+a2+~“+an-
k=1

We say that the infinite series ) ;- | a; converges with sum s € R if s, — s. Otherwise,
we say the infinite series diverges.

Example 2.27 (Geomertic Series). Let a,r € R. Show that the series > ;o ar®*~! con-
verges for |r| < 1 and diverges otherwise.

Solution. Let s, = > ,_, ar*~1 for n > 1. For r # 1,

(r—=1)s, =rs, —sp, =a (Zrk_zrk—l> =aq <Zrk _iﬁ) —a(r™ —1).
k=1 k=1

k=1 k=0
Then for r # 1,
r*—1
r—1"

Sp=a

By Proposition 2.7, ¥ — 0 for |r| < 1. Thus,

> a a

E art=1 = = .
r—1 1—7r

k=1

For |r| > 1, then

[r|™ —1
[sn| = la] - — 00
=1
If r =1, then s, = na — oco. If r = —1, then
" a, nodd
sp=) a(-1)F1=2" ,
; (=1) {0, n even

S0 (Sn)n does not converge. O
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Proposition 2.28 (Algebra of Series).

a) If >0 ax and Y po, by converge, then Y ;- | (aj + by) converges and the sum is equal
o0 o0
to Y ey ak + >y bi-

b) If > pe i ai converges, then for any ¢ € R, > 72 (cay) converges and Y - (car) =
>y k.

Proof. Exercise. O

Since R is complete and a series is just a limit of a sequence of partial sums, we can apply

convergence theorems about convergent sequences to series. In particular, we have the
following Cauchy criterion for convergence of a series.

Theorem 2.9 (Cauchy Criterion). Let (an)n be a sequence in R. Then Y ;- | ai con-
verges if and only if the seqeuence of partials sums (s,)n is Cauchy, that is, Ve > 0,
AN € N such that m > n > N implies

m

>

k=n+1

[Sm — Sn| = <e.

Proof. Since R is complete, the sequence of partial sums (s,,), converge if and only if
(Sn)n is Cauchy. O

Corollary 2.5. Let (ay,), be a real sequence. If ;- a, converges, then a, — 0.

Proof. Let € > 0. Since Zzozl ay converges, the sequence of partial sums (s,), are Cauchy,
so AN € N such that m >n > N = |s,, — s,| < €. In particular for n > N, we have

|an| = |Sn+1 — Sn| < €.

Also recall that monotonic sequences converge if and only if the sequence is bounded.

Theorem 2.10. Let (ay), be a sequence in R such that a, > 0 for allm > 1. Then
21?;1 ay, converges if and only if the sequence of partial sums is bounded.

Proof. Since a,, > 0 for alln > 1, s, < s,47 for all n > 1, that is (s,), is an increasing
sequence. Thus (s,), converges if and only if it is bounded. O

For the next corollary, we are going to need to rely on some of your prior knowledge of
Riemann integration from calculus. We will come back formally later to see why the fol-
lowing argument works, but for now we will rely on a picture.

Corollary 2.6. The series > oo | - converges if and only if p > 1.

n=1 nP

Proof. Note that for p > 0 and for n > 1, 1/nP > 0 and

Then ) o7, 1/nP converges <=> (s,), are bounded <= [ 1/a? dx converges <=
p> 1 O
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Example 2.28. Determine if the following series converge.
a) 3,21/ n’

Solution. Note that for each n > 1
"1 "1
NS <14 | Sde=1+(1-1/n) 2,
b1 k 1 X

so Y2, 1/n? converges, since it is monotonic and bounded. O
b) 37, 1/n (Harmonic series)

Solution. Note that for all n > 1
n+1 n
1 1
/ —dx < T
1 r k=1

Since [°(1/x) do = limy o0 flb(l/x) dx = o0, o7, 1/n diverges to oc. O

Proposition 2.29. If >7 | |ax| converges, then Y p- | ai converges and |y ;o | ax| <

Ziozl |ak].

Proof. Suppose that Y - |ax| converges. We will apply the Cauchy criterion to show
that >"p-, ai converges. Let € > 0. Choose N € N such that m > n > N implies

m

Z \ak\ < €.

k=n-+1

Then for m >n > N,

m

>

k=n+1

m

< ) <

k=n-+1

Thus Zzozl ay, converges by the Cauchy criterion. Furthermore, since for all n > 1

n n
>k <D laxl,
k=1 k=1

we have

9]
D a
k=1

oo
< Z |a|
k=1
O

Definition 2.23. A series >, a is said to be absolutely convergent if >°.7 , |ax|
converges. If "7 | ay converges but >~ |ax| = oo, then the series is called condition-
ally convergent.
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Proposition 2.30. Given a sequence (an), in R, let

= max{an,0} and ¢, = WT_% = max{—an, 0}.

P = lan| + an
2
Then pp, qn > 0, an = Py — qn, and |an| = Pn + Gn.-
a) >opey ai is absolutely convergent if and only if > poy pr < 00 and Y po | g < 00.
b) If > poy ak is conditionally convergent, then > oo Pk = D poq Qk = 0O.
Proof.

a) (=) Suppose > ;- |ar| < co. Then for all n > 1

n n oo n n o0
D e <D lar] <D lax <oo and Y g <Y far <D Jak| < oo
k=1 k=1 k=1 k=1 k=1 k=1

Thus, Y po pr < oo and Y po | g < 0.

(<= Suppose >~ pr < oo and Y -, g < oo. Then

Z|ak| = Z(Pk+Qk) = Zpk-i-qu < 0.
k=1 k=1 k=1 k=1

b) Suppose Y ;- aj is convergent but Y -, |ax| = oo. If Y77 pr < oo, then > ro | (pr —
ay) < oo. Since py — ar, = pr — (Pk — qk) = Q. this implies that > 7 | g < oo,
so that Y7 | |ax| < oo by part a), a contradiction. Similary, > oo qx < 00 =
Sope ok < o0 = > po |ar| < oo, a contradiction. Thus it must be the case that

ZZO:1 Pr = 220:1 qr = 00.

A key difference between absolutely convergent and conditionally convergent series is

how rearrangements behave. A rearrangement of a series Y- | ay, is a series of the form
> heq b where by = a4 and p : N — N is bijective function. This means that Y~ | by is
a series of the same terms as Y ;- ; aj, but the sum of these elements occurs in a different
order.

Theorem 2.11. If Y77 | ay is absolutely convergent, then every rearrangement y ;- | by,
of Yope, ak is absolutely convergent and Y 7 by = > pe; Q.

Note 2.11. This theorem says the the sum of an absolutely convergent series indepen-
dent of the order of the terms in the sum. Consider the expected value of a discrete ran-
dom variable

EX =Y zP(X =u).

zeX

It would be troublesome if the order in which these terms were summed changed the ex-
pected value. This is why we say the expected value exists if E|X| = > |z|P(X =
x) < 0o. In this case, the sum is independent of the order.

reX
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Proof. Suppose >, |ai| < co. Let p : N — N be a bijective map and let by, = ap)
fork > 1. Let s, = > 0 ak, tn = > poqbr,ands = > 7 ap. Let € > 0. Choose
N € Nsuchthatm > n > N = Y ] <e = Y, Zyqlal < e
Since p is bijective, 3k, ko, ... ky such that {1,2,... N} = {p(k1),p(k2),...,p(kn)}. Let
M = max{ky,ko,...,kn}. Then M > N and {1,2,...,N} C {p(1),p(2),...,p(M)}. Now,
form>M>N

m m (o]
s —tm| = D ax— Y be| < D Jax| <e.
k=1 k=1 k=N+1
The inequality is true since the terms aq,...,ay cancel as well as any other ay for &k > N
that s,, and t,, share. Thus |s, —t,,| = 0, and
lim ¢, = lim (¢, — sp + s,) = lim (¢, — $p) + lim s, =0+ s=s.
n—oo n—oo n—oo n—oo

Therefore, > oo bk = > pey ax and Y oo |bx| < oo, since

Z |bi| = Z lapy| < Z lax| < ¢
k=M+1 k=M+1 k=N+1
and {p(k)|k > M + 1} C {n|n > N + 1} by choice of M. ]

Theorem 2.12 (Riemann Theorem on Conditionally Convergent Series). Suppose Y o | ay
is a conditionally convergent real series. Let —oo < xz < y < oo. Then there exists a rear-
rangement Y oo by of Y.p | ax such that

lim E b, =2 and lim E b, = v.
n—oo
k=1

Note 2.12. Theorem 2.12 says that if a series is conditionally convergement, then for any
s € R, it can be rearranged so that it converges to s.

Corollary 2.7. > .2, ai is absolutely convergent if and only if every rearrangement has
the same sum.

We now turn to some tests that we can use to determine if a series converges or not.

Proposition 2.31 (The Comparison Test). Let > ,-, a be a series where ar, > 0 for all
kE>1.

a) If Z:i1 ay converges and |bg| < ay, for all k > 1, then Z;O:l |bk| converges.
b) If Y poqar = o0 and a < by for all k > 1, then Y po | by, = oo.
Proof.

a) Let ¢ > 0. Since > ,—, ax converges, 3N € N such that m > n > N implies

m

>

k=n-+1

<e.




2.8. SERIES 42

Since |bg| < ag, for all k > 1, we have m > n > N implies
m m
Z |br| < Z a, < €.
k=n+1 k=n+1
Thus by the Cauchy criterion, Y=, |bx| converges.

b) Suppose that a; < by for all k& > 1 and that Zioz1 ar = oo. Let M > 0, and choose
N € N such that n > N implies
M < Zak.
k=1

Then ay < by for all £ > 1 implies

for all n > N. Thus Y ;2 | br = .

Theorem 2.13 (Root Test). Let > -, ax be a series.
a) Yre, ai converges absolutely if limy—s o0 \ak|1/k < 1.
b) Y req ar does not converge if imp o0 |ag] /% > 1.

¢) Iflimy_ o0 |ax|'/* = 1, then the test gives no information about the convergence of

Ziozl ak-
Proof. Let a = limy, s o0 \ak|1/k-

a) Suppose that o < 1. Let € > 0. Choose ¢ > 0 such that & + ¢ < 1. Then 3N; € N such
that

a—6< sup |ag|V* < a+4.
k>N,
Then for all k > Ny, |a|'/* < a + 4, so
lag| < (a+0)%, Vk > Ny,

Since 0 < a+ 6 < 1 and Y ;- (a + §)* is a geometric series with a = 1 and r = o + 4,
it converges. Then dN5 € N such that m > n > Ny implies

d (et <e
k=n-+1
Then m > n > max{Ni, N} =
m m
Z lax| < Z (a+o)F <e.
k=n-+1 k=n-+1

Thus Y -, ax converges absolutely by the Cauchy criterion.
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b) If @ > 1, then by Corollary 2.4, 3 a subsequence (|ay, |/ )i of (Ja,|'/™), such that
|, |/ — a as k — oo. Let § > 0 such that & —§ > 1, and choose K € N such that
k > K implies
=06 < |an, |V < a+4.

Then for k > K
1< (a+6)Y™ < lay,|.

Therefore, N > ng > K = sup,>y |aj| > 1 = lim,, o0 |an| > 1. Thus a,, /4 0, so
> e ax does not converge by Corollary 2.5.

¢) Recall that n'/® — 1. Then

1 1/n 1 1/n
lim (> = lim (2> =1,
n—oo \ 1 n—oo \ 1L

but >>°  1/n diverges and Y o, 1/n? converges.

Theorem 2.14 (Ratio Test). Let > ;- ax be a series of non-zero terms.

a) > e ai converges absolutely if img o0 |ana1/ak| < 1.

b) Y orey ar does not converge if im, _, _ |ag+1/ak| > 1.

¢) Iflim, , |aks1/ax] <1 <limp_so |axr1/ak|, then the test gives no information.

Proof. Recall from Theorem 2.2

Ak+1
ak

Ak+1
Qg

lim

k—o0

< lim |ap["* < Tim |ap["* < Tim
k— 00 k—o0 k—o0

a) If img_o0 |agy1/ar| < 1, then limy_, o |ax|'/* < 1 and the series converges absolutely
by the root test.

b) If lim, . |aky1/ak| > 1, then limg o \ak|1/k > 1 and the series does not converge the
root test.

c¢) Again, consider the series > - 1/n and > -, 1/n? The first series diverges and the
second series converges but
1/(n+1)

L YT V2

Ym+1)?

Note 2.13. The ratio test is frequently easier to apply than the root test, since it is
usually easier to compute ratios than nth roots. However, the root test has wider scope.
That is, whenever the ratio test shows convergence, then the root test does too, and when-
ever the root test is inconclusive, the ratio test is too. This can easily by seen using Theo-
rem 2.2.
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Theorem 2.15 (Integral Test). Suppose f : [1,00) — [0,00) is decreasing and a, = f(n)
form € N. Then Y72 | a, < oo if and only if [~ f(z) dz < oo. If Y32 a, = s < oo, then

|s — 22:1 ax| < f:o f(z) de.
Proof. Suppose f : [1,00) + [0,00) is decreasing and a,, = f(n) for n > 1. Then for k > 1

E<z<k+4+1l = ag41 < f(z) <ag

so that
k+1 k41 k41
ak+1=ak+1/ 1d$</ f(z) dmgak/ 1dx = ag
E k E

Thus
n+1 n n k}+1 ’I’LJrl n
Sa=dansy [ swa= [ @< a
k=2 k=1 k=1"% 1 1

Therefore for all n >1

n n n+1
Zak§a1+/1 f(z) dx and /1 f(x) deZak.
k=1

Since f(z) > 0 for all > 1, we have for all n > 1

n 0o n+1 s
Z%Sal"‘/ f(x) dz and / f(z) d:USZGk»
k=1 ! ! k=1

SO Z;ozl ap < 00 floo f(z) dz < co. Also,

) n o] [e ] o] k+1 [ee]
Zakuak = Z ak:ZakHSZ/ f(x) dw:/ f(z) dx.
k=1 k=1 k=n+1 k=n k=n"k n

Example 2.29. Determine if the following series converge.
a) > (_%)n

b) 3ot

¢) 220:1 n%ﬂ
d) 2o

e) Xl ((71)#73)”

The following test provides a criterion for convergence of an alternating series. Note that
unlike the other theorems, this test only guarantees convergence but not absolute conver-
gence.

Theorem 2.16 (Alternating Series Test). Let (a,)n be a decreasing sequence such that
an — 0, then the series > po,(—1)Fay, converges.
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Proof. Define By = 0 and let B, =Y ;_,(—1)". Then

B _ {1, nodd
0, n even

In particular, |B,| < 1 for alln > 1. Let ¢ > 0. Since a,, — 0, choose N € N such that
n>N = |a,| <¢e/2. Then form >n >N

m m
k
Z (—1) ai| = Z (Bx — Bi—1)ag
k=n+1 k=n+1
m m
= Z Bray — Z By _1ax
k=n-+1 k=n-+1
m m—1
= Z Bray — Z Bragi1
k=n-+1 k=n
m—1
= Z Bk(ak' - ak‘+1) + Bmam — Brania
k=n-+1
m—1
< Z (ak - ak+1) + am + Gnt1
k=n-+1

= [(an-&-l - an+2) + (an+2 - an+3) + o+ (am—l - am)} + am + ant1

= 0p+4+1 — Qm +am + Ap+1

9
:2an+1<2~§:€.

Thus, Y =, (—1)*a; converges by the Cauchy criterion. O

2.9 Applications in Probability and Statistics

Continuity of Probability Measure

Borel-Cantelli

Equivalent conditions for almost sure convergence

Subsequences of random variables that converge in probability



Chapter 3

Continuity

3.1 Limits of Functions

Definition 3.1. Let f : S € R +— R and let a be an accumulation point of S. Then
lim, . f(z) = L € Rif Ve > 0, 36 > 0 such that for z € S,

O0<|z—al<d = |f(z)— fla)] <e.

Note 3.1. Note that f may not even be defined at a, but lim,_,, f(z) can still exist. In-
deed, consider the function f : (—o0,2) U (2, 00) defined by

>4  (z-2)(x+2)

f(x):x—ZZ z—2 '

Then f(z) =z + 2 for all z # 2 and is not defined at z = 2, but lim, o f(z) =2+ 2 = 4.

Proposition 3.1. Let f : S C R — R and let a be an accumulation point of S. Then
lim, o f(z) = L if and only if f(x,) — L whenever (x,,), C S\ {a} and z,, — a.

Proof. (=) Suppose that lim,_,, f(x) = L, and let (x,), be a sequence in S \ {a} such
that z,, — a. Let € > 0. Choose § > 0 such that

O<|z—a|<d = |f(z)—L|<e.

Since x, — a, AN € N such that n > N implies |z, —a] < 6. Thenn > N = 0 <
|xn —a| <d = |f(x,) — L] <e.

( <= ) (Proof by contrapositive) Suppose lim,_,, f(z) # L. Then 3¢ > 0 such that

Vd > 0,3z € S\ {a} such that 0 < |x —a| < § and |f(z) — L| > €. Let § = 1. Choose
x1 € S\ {a} such that 0 < |z1 —a| < 1 and |f(z1) — L| > . Suppose for some k > 1, we
have for 1 < j <k, z; € S\ {a} such that

0<l|zj—al<1/jand|f(z;)—L|>e.

Let 6 =1/(k+1). Since limy_,, f(x) # L, we can choose an 41 € S\ {a} such that

0 < |zk41 —CL‘ <

1
] and |f(zp41) — L| > e.

46
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Then by induction 3(z,), C S\ {a} such that for all n > 1
1
0< |z, —al < - and |f(z,) — L| > ¢,

so x, — a but f(x,) 4 L. O

Proposition 3.2 (Algebra of Limits). Let f,g : S C R — R, let a be an accumulation
point of S, and suppose that

lim f(z) =L and lim g(x) = M.

r—a r—a

Then

0) i, a(f +9)(@) = L+ M

b) limya(fg)(@) = LM

¢) limy—a(f/g)(x) = L/M if M #0.

Proof. These properties follow immediately from the analogous properties of sequences.
We prove a) as an example. Let (x,,), C S\ {a} be such that 2, — a. Then

flzn) = L and g(x,) > M = f(z,)+g(z,) > L+ M.
Thus by Proposition 3.1, lim,_,q[f(x) + g(z)] = L + M. O
V-1

t—1"

t—1
Solution. Let f(t) = \tf T Then f: (0,00) \ {1} — R. Note that f(1) is undefined, but

1 is an accumulation point of (0,00) \ {1} and for ¢ # 1

Vi—1 Vt—1 Vit+1 t—1 1 1
— . = = — —ast— 1.
t—1 t—1 Vt+1 (t—-DVt+1 Vit+1 2

Example 3.1. Find lim
t—1

Definition 3.2. Let f : S — R. If a is an accumulation point of S N (—oco, a), then

the onesided limit as x approaches a from below (or from the left) is L, written f(a—) =
lim f(z) =L, if Ve > 0, 3§ > 0 such that for x € S

r—a—

a—d<z<a = |f(z)—L|<e.

Similarly, if a is an accumulation point of S N (a,o0), then the onesided limit as x ap-
proaches a from above (or from the right) is L, written f(a+) = lim+ f(x) =L, if Ve > 0,
r—a

36 > 0 such that for z € S

a<z<a+d = |f(x)—L|<e.
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Example 3.2. Consider the signum function

1, x>0
f(z) =sgn(a) =0, z=0.
-1, =<0

Then
lim sgn(xz) =—1 lim sgn(z) =1 lim sgn(xz) = DNE.
z—0— r—0+ z—0
Proposition 3.3 (Sequential Characterization of one sided limits).
1. Let a be an accumulation point of S N (—o0,a). Then, lim f(z) = L if and only if
r—a—
f(zn) = L whenever (x,), C S such that x, < a and x, — a.
2. Let a be an accumulation point of S N (a,00). Then, lim+ f(x) = L if and only if
r—a
f(z,) — L whenever (z,), C S such that z,, > a and x,, — a.

Proof. The proof is nearly identical to the proof of Proposition 3.1. O
Note 3.2. The algebra of one sided limits is the same as in the limit case.

Proposition 3.4. Let f : S — R and let a be an accumulation point of both S N (—oo,a)
and S N (a,00). Then, lim,_,, f(z) ezists if and only if f(a—) and f(a+) exist and are
equal. In this case, lim,_,, f(x) = lim,_,,- f(z) = lim,_, .+ f(z).

Proof. Exercise. O

Example 3.3. Consider the step function f(z) = |x]. That is for any n € Z and n > = <
n+1, f(x) =n. Then forn € Z

lim f(z)=n—-1 and lim f(z) =n = lim f(z) = DNE.

r—n— r—nt T—n

3.2 Continuous Functions

Definition 3.3. A function f: S C R~ R is said to be continuous at xy € S if Ve > 0,
36 > 0 such that for z € S

[z — x| <6 = [f(z) — f(xo)| <e.
If f is continuous at every = € S, then we say f is continuous.

Note 3.3. Note that for all zo € S, = is either an accumulation point of S or an isolated
point of S. If xy is an accumulation point of S, then f is continuous at zq if and only if
limg 4, f(z) = f(xo). That is, the limit of f as  — z( exists and is equal to the value of
the function at f(x). If ¢ is an isolated point, then f is always continuous at z, since
36 > 0 such that B(zg,d) NS = {ao}. Thus, z € Sand |z —x9] < § = x = x, so
|f(x) — f(xo)] = 0, so this § works for any € > 0.

Theorem 3.1. Let f : S C R — R be a function. Then f is continuous at vy € S if and
only if f(xz,) — f(zo) whenever (z,), C S and x, — xo.
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Proof. The proof is nearly identical to Proposition 3.1. O

Corollary 3.1. Let f : S — R. If (xn)n C S such that x,, — x9 € S, but (f(zn))n s
divergent (no real limit), then f is discontinuous at xg.

Example 3.4. Let a € R. Show that

flz) = {sin(l/m), x f 0
a, z=0
is not continuous at x = 0.
Solution. Let x,, = 1/(nw/2) for n > 1. Then z,, — 0, but
f(zy)={1,0,-1,0,1,0,—-1,...}
which is divergent. Thus f is not continuous at x = 0. O

Example 3.5. Prove that f : R+ R where f(x) = 22 is continuous.

Solution. We will demonstrate this two ways. 1) Using the ¢ — ¢ definition of continuity
and 2) By using the sequential characterization of continuity.

1) Let 29 € R and let € > 0. Note that

|f(x) = f(xo)| = |2* — 3| = [(x — mo) (2 + 20)|
< |z — zo|(|z] + [zo])
= |z — xo|(|z — 20 + 20| + |20])
< |z — zol(|z — 20| + 2|w0).

Let 6 = min{1,e/(1 + 2|zo|)}. Then |z — z¢| < 0 implies

|f(x) = f(zo)| < |z — 20(|lz — w0 + 2[m0]) < (1 + 2|m0]) < T

g
——— (1 4+ 2|xg|) = €.

2) Let 29 € R and let (x,,), C R be such that z,, — . Then by the algebra of limits
Flzn) = 2% = a? = f(x).
Since x¢ and (z,), were arbitrary, f is continuous at all z(, and hence continuous.
O

Note 3.4. Note that in the e — ¢ definition, § depends on both zy and e. It is very helpful
in some cases to be able to choose a delta that does not depend on zy. This can be done
for uniformly continuous functions that we will cover later, but not in general.

Proposition 3.5 (Algebra of Continuity). Suppose f,g : S — R are each continuous at
xg € S. Then

a) f =+ g is continuous at xg.
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b) fg is continuous at xg.
¢) f/g is continuous at xo provided g(xo) # 0.

Proof. This follows immediatly from the sequential characterization of continuity and
properties of limits. [

Recall the composition of two functions is written g o f where

(9o f)(x) = g(f(x)).

Theorem 3.2 (Composition of Continuous Funtions are Continuous). Let f: S — S’ CR
and g : S" — R. If f is continuous at xo € S and g is continuous at f(xg) € S, then go f
15 continuous at xgq.

Proof. Again, we provide two proofs: 1) Using the € — ¢ definition of continuity at z¢ and
2) using the sequential characterization of continuity at xg.

1) Let ¢ > 0. (We need to find a ¢ such that forz € S |z —z9| < § = |g(f(z)) —
9(f(x0))| < e.) Since g is continuous at f(zg), we can choose a 6; > 0 such that for
yes

ly = f(zo)l <01 = lg(y) —g(f(z0))| <e.

f continuous at xg implies 30 > 0 such that for x € S,
[z —xol <6 = [f(z) — fzo)| < 1.
Thus for z € S

|v — x| <6 = [f(2) —f(xo)| <1 = [9(f(2)) — g(f(w0))| <e.
2o

2) Let (z,,)n C S be a sequence such that x,, — x¢. Since f is continuous at xg, f(x,) —
f(xo). Since (f(xn))n C S, f(xn) — f(zo) and g is continuous at f(x¢), we have
9(f(zy)) — g(f(z0)). Thus (x,), C S and z,, — x¢ implies

(g0 f)(xn) = (g0 f)(wo).

Recall that the pre-image of a mapping f : S — R is defined by
FHV) ={z € S|f(x) e V}.
Theorem 3.3. Let f : S — R. The following are equivalent:

a) f is continuous.
b) f~1(C) C S is closed whenever C C R is closed.

c) f~H(V) C S is open whenever V C R is open.
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Proof. (a) = b)). Let C C R be closed, and let (x,), C f~1(C) be a sequence such
that ¢, — « € S. Then (f(z,)), C C, and since f is continuous and =, — z, f(z,) —
f(x). Because C is closed, f(x) € C, so that z € f~1(C). Thus f~1(C) is closed.

(b)) = ¢)) Let V C R be open. Then V¢ is closed, and by b) f~1(V¢) is closed in S.
Note that

FHVe) ={z e S|f(a) ¢V} ={z € Slf(x) e V= [fTH(V)]".

Since [f~1(V)]¢ is closed, f~1(V) is open.

(¢) = a)) Let € > 0 and let 7o € S. Since B(f(z0),¢) is open in R, f~1(B(f(x
open in S. Note that z¢ € f~1(B(f(x0),¢€))), so 36 > 0 such that B(:UO, s cft
Thus, for x € S

0)
(B

;€)) is
(f(20),e

[z —mo| <0 = [f(2) = fzo)| <,

so f is continuous at xg. Since xy was arbitrary, f is continuous on S. O

3.3 Properties of Continuous Functions

We will need to recall a couple of facts from topology in metric spaces and R:
a) (Heine-Borel) A set K C R is compact if and only if K is closed and bounded.

b) A set K is compact if and only if every sequence (x,), in K has a convergent subse-
quence that converges to a point in K.

c) A set C is closed if and only if C contains all its accumulation points.

Proposition 3.6. Suppose f : S +— R is continuous. If K C S is compact, then f(K) is a
compact subset of R.

Proof. Suppose K C S is compact. Let (y,)n be a sequence in f(K) = {f(z) : x € K}.
Then for each n > 1, y, = f(x,) for some z,, € K. Since K is compact, 3 a subsequence
(Tny )k Of (Xn)n such that x,, — o for some zg € K. Since f is continuous and (x,, )r C
K CS,

Ty, = To = Yny = f(xmc) — f(l'O) =% € f(K)

Thus (y,)n has a convergent subsequence (yy, )i that converges to a point in K, so f(K)
is compact. O

Corollary 3.2. If K is compact and f : K — R is continuous, then f has an absolute
mazximum and minimum on K.

Proof. Since K is compact and f is continuous, f(K) is compact, so f(K) is closed and
bounded. Let o = infiecx f(z) and 8 = sup,cx f(z). Since f(K) is bounded, o and 3
exists and are finite. Since  and § are limit points of f(K) and f(K) is closed, a, 8 €
f(K). Thus, Ja,b € K such that f(a) = « and f(b) = 8. O

Theorem 3.4 (Intermediate Value Theorem). Suppose f : [a,b] — R is continuous. If y
is between f(a) and f(b), then 3xy € (a,b) such that f(zo) = y.
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Proof. Suppose f : [a,b] — R is continuous and let y be between f(a) and f(b). WLOG,
suppose f(a) < y < f(b). Let S = {t € [a,b]|f(t) < y}. Thena € S,s0 S # 0 and
is bounded. Thus sup S exists and is finite. Let xyp = sup.S. By definition of supremum,
VYn € N, 3z, € S such that 29 — 1/n < x,, < xg. Thus, 3 a sequence (x,), C S such that
|z, — xo| < 1/n, so x, — xg. Since x,, € S, ¥n > 1, f(x,) <y for all n > 1. By continuity
of f at xg,

T = g = f(zn) = fx0).

Since f(xzy) <y foralln > 1, f(xg) < y. If we can show that f(z¢) > y, then we would
have y < f(zo) <y = f(xo) = y. Suppose, by contradiction, that f(xg) < y. Let
e =y — f(xg) > 0. Since f is continuous at xg, 36 > 0 such that for x € [a, b

[z —xol <0 = |f(x) — flzo)| <&
Thus for z € [a, b]
xo—d<zx <+ = 2f(x0) —y < f(x) <y,
which implies (zg — d,zo + 0) C S. But zp = sup S, so (xg,xo +0) ¢ S. Thus f(z0) > y,

and we are done.

3.4 Monotonic Functions

Definition 3.4. f : S — R is said to be left continuous at zy € S if f(zo—) = f(z0).
Similarly, f is said to be right continuous at xq if f(zo+) = f(xo).

Note 3.5. If f(z—) and f(z+) both exist, then the jump of f at z is
() = [f(z+) = flz=)].

The jump of f at x is 0 if and only if f(z+) = f(x—) if and only if lim;_,, f(t) exists, and
j(x) > 0 if and only if lim,_,, f(¢) DNE.

Definition 3.5. A function f : S — R is said to be increasing if z < y implies f(z) <
fly). fis said to be decreasing if x < y implies f(y) < f(z). In either case, f is said

to be monotonic. f is said to be strictly monontonic if it is either strictly increasing
(zx <y = f(x) < f(y)) or strictly decreasing (z <y = f(y) < f(x)).

Proposition 3.7.

1) Let f :[a,b] = R be an increasing function. Then

a) f(x—) =sup,., f(t), Va <z <b.
b) f(z+) =infy>y f(t), YVa <z <D.

That is for alla < x < b, f(x—) and f(a+) exist and

sup f(t) = f(2-) < f(x) < f(o+) = inf f(2).

t<z

2) Let f :[a,b] — R be a decreasing function. Then
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a) flz—) =infic, f(t), YVa <z <.
b) flz+) =sup,s, f(t), Ya <z <b.

That is for alla < x < b, f(x—) and f(x+) exist and

sup f(t) = f(a+) < f(z) < f(z—) = Inf f(2).

t>x t<z

3) If f is monotonic, then f is continuous at x if and only if j(x) = 0.

Note 3.6. For f : [a,b] — R, we define

j(a) = [f(a+) = f(a)| and j(b) = [f(b) — f(0=)I.
Note 3.7. If f is monotonic, then the only possible discontinuity is a jump discontinuity.

Proof. 1) Suppose f : [a,b] — R is increasing and let a < z < b. Then for all a < ¢ < z,
f) < f(z), sosup,c, f(t) < f(z). Let ¢ > 0. Then by definition of supremum,
da < tg < = such that

sup f(s) — < f(to) < sup f(s).
s<w s<x

Let § =ax —tg. Thenfortg=ov -0 <t<z

sup f(s) —e < f(to) < f(¢) <sup f(2).

s<x s<x

Thus  — 6 < ¢t < x implies |f(t) — sup,, f(s)| < e. That is

tlimﬁ f(t) = sup f(s).

s<x

Similarly, for ¢ <t < b, f(z) < f(t) = f(x) < inf;~, f(t). Let € > 0. By definition
of infimum, Jx < ¢y < b such that

inf f(s) < f(to) < inf f(s) +<.

s>x

Take § =tg — x. Then x <t < x + 0 = tg implies

inf () < f(0) < f(to) < fnf f(s) +=.

s>
Thus lim;_, .+ f(t) = infys, f(2).
2) Similar to 1).

3) Exercise.

O

Corollary 3.3. If f : [a,b] — R is monotonic, then f has at most countably many discon-
tinusities.
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Proof. Suppose that f is increasing, then f(a) < f(z) < f(b) for a < x < b. By Proposi-
tion 3.7 (3),
D = {x € [a,b]|f is discontinuous at x} = {z € [a,b]|j(z) > 0}.
Note that j(z) > 0 if and only if j(x) > 1/n for some n > 1. Thus
D =upZif{z € [a,b]|j(z) > 1/n}.

Let D, = {x € [a,b]|j(z) > 1/n}. Then

Dl - — < Y @) < f(b) = f(a),

x€D,

3=

where |D,,| = cardinality of D,,. Then
|Dn| < n(f(b) = f(a)),

so D, is finite. Thus D is countable, since it is a countable union of countable sets. O

3.5 Uniform Continuity

Definition 3.6. A function f : S — R is said to be uniformly continuous on §' if
Ve > 0, 36 > 0 such that for z,y € S

[t —yl < = [f(x) - fly)l <e.

Note 3.8. Note that § depends on € but not on x or y, whereas in the definition of conti-
nuity, § depended on both ¢ and x.

Theorem 3.5. f : S — R is uniformly continuous if and only if V(xn)n, (Yn)n C S such
that |x, — yn| — 0, then |f(xy) — f(yn)| — 0.

Proof. ( = ) Suppose that f is uniformly continuous. Let (2 )n, (yn)n C S be sequences
such that |z, — yn| — 0. Let € > 0. Choose § > 0 such that for z,y € S

v -yl <0 = [f(x) - f(y) <e

Choose N € N such that n > N implies |x,, — y,| < §. Then for n > N

[f(@n) = flyn)l <e.

( <= ) (Contrapositive) Suppose f is not uniformly continuous. Then
Je > 0Vd > 03x,y € S such that | —y| < but |f(z) — f(y)| > e.

Take € > 0 such that the previous statement holds. Then for each d,, = 1/n, we can
choose an ,,y, € S such that |z, — y,| < 1/n but |f(z,) — f(yn)| > e. Thus, we can
construct sequences (2 )n, (Yn)n C S such that |z, — y,| = 0 but |f(z,) — f(yn)| > € for

alln > 1, ie. |f(xn) — flyn)| 2 0. O

Example 3.6. Show that f(z) = 22 is not uniformly continuous.
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Solution. Let z,, =n+ 1/n and y, = n. Then
1 1
n — Yn| = —) =——=0,
[t~ yal = 0+ 1) —nl = =0
but ) )
‘f(xn)_f(yn” = |n2+2+ﬁ_n2| :2+ﬁ_>27é0’
Thus f(x) = 22 is not uniformly continuous. O

Theorem 3.6. If f : S — R is uniformly continuous, then (f(x,))n is Cauchy whenever
(Zn)n C S is Cauchy.

Proof. Suppose f : S +— R is uniformly continuous, and let (z,), C S be a Cauchy
sequence. Let € > 0 and choose § > 0 such that for z,y € S

[t —yl < = [f(x) - fly)l <e

Since (z,), is Cauchy, 3N € N such that m > n > N implies
[T — Tp| <.

Thus, for m > n > N implies

|f(mm) - f(xn)| <g,
s0 (f(zn))n is Cauchy. O

Example 3.7. Show that f : (0,1] — [1,00) defined by f(x) = 1/x is not uniformly
continuous.

Solution. Recall that a sequence in R is Cauchy if and only if it converges to a point in R.
Let ©, = 1/n for all n > 1. Then x,, — 0, so (x, ), is Cauchy, but

f(zn) =n — oo.
Therefore, (f(x,))n is not Cauchy, since it does not converge. O
The following propositions provide some conditions on f that imply uniform continuity.

Definition 3.7. A function f : S +— R is said to be Lipschitz if IM > 0 such that for all
r,y €S
|f(x) = f(y)] < Mz -y

Proposition 3.8. If f : S — R is Lipschitz, then f is uniformly continuous.

Proof. Let € > 0. Choose M > 0 such that for all z,y € S

|f(z) = f(y)l < Mz —yl.
Take 6 = e/M. Then for z,y € S, |z — y| < § implies
€

M:€.

[f(@) = f) < Mz —y| <M-6=M-

Thus, f is uniformly continuous. O
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Proposition 3.9. If f : [a,b] — R is continuous and differentiable on (a,b) with f’
bounded on (a,b), then f is Lipschitz and thus uniformly continuous.

Proof. Let M > 0 be such that |f/(t)] < M for all t € (a,b). Let x,y € S. Then by the
Mean Value Theorem, 3t = ¢(z,y) between x and y such that

fly) — [z
£ =TOZIE ) — )] =17 Olke — o] < Mo .
Thus f is Lipschitz, and so it is uniformly continous by the previous Proposition. O

Proposition 3.10. If S is compact and f : S — R is continuous, then f is uniformly
continuous on S.

Proof. Let f : S — R be continuous and let S be compact. Suppose that f is not uni-
formly continuous. Then Je > 0 and sequences (p,)n, (Yn)n C S such that |z, — y,| — 0
but |f(z,) — f(yn)| > € for all n > 1. Since S is compact, 3 a subsequence (z, )k of (z)n
such that z,, = x € S. Note that

|ynk —JU‘ < |ynk _x”k| + |x”k _1:| — 07

SO Yn, — « also. Since f is continuous, |f(x,,) — f(x)] = 0 and |f(yn,) — f(z)| — 0 as
k — oo. Therefore,

[f (@) = fYni) | < |f(@ny) = F(@)] + 1f(2) = fyn )] =0,

but for all £ > 1
|f(xnk) - f(y'nk)| > &

a contradiction. Hence, f is uniformly continuous. O
3.6 Applications in Probability and Statistics

e Continuous mapping theorems and common mistakes with convergence in probabil-
ity.



Chapter 4

Sequences and Series of Functions

4.1 Power Series

Definition 4.1. Give a sequence (a,), C R, then

f(z) = Z an(x — )"
n=0

is called a power series centered at xo. The domain is given by {« € R|f(z) converges}.
Theorem 4.1. Given the power series Y .- an(x — o)™, let

o= Tim |a,|[*/"
n—oo

and set R = 1/, where R = oo if « = 0 and R = 0 if o« = oo. Then Y " ;an(z — xo)"
converges for |x — x| < R and diverges if |z — xo| > R.

Proof. Fix x € R. Then by the Root Test Y an(x — )" converges absolutely if
n|1/n

1/n

lim |a,(z — 20) = |z —xola < 1,

= |z — 20| lim |ay,|
n— 00 n— oo
which happens
a) if a =0, so the series converges for all z € R.

b) if 0 < a < oo whenever |z — 9| < 1/a = R, so that the series converges for x €
(xo — R, xo+ R)

c) if & = oo only for |z — z¢| = 0.
Similarly, by the root test, the series diverges if | — zgla > 1 <= |z — z¢| > R. O

Definition 4.2. For the power series Y oo an(z — 20)", R = 1/lim,, 00 |a,|*/™ is called
the radius of convergence.

Example 4.1. Find the radius of convergence of the following power series.
a) f(z) =3 qa"

57
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Solution. Since o
im 1Y/ =1

n— oo

)

the radius of convergence os R = 1, so the series converges for |z| < 1 and diverges
for |z| > 1. For the case |z| < 1, note that this is the geometric series, and we proved

earlier that f(z) = 72 for |#| < 1. The series diverges for both z = 1 and z = —1, so
the series only converges for |z| < 1. O
f@) =30l s
Solution. Since )

A | =1y |

the radius of converges is R = 1, so the series converges for || < 1 and diverges for
|z| > 1. If |z| = 1, then the series converges since

>t
= n(n —1)
converges by the integral test. Thus, the series converges for |z| < 1. O
f(!l?) = Zzozl xn
Solution. Since
Fm || =
n1—>Holo nl/” -

the series converges for |z| < 1 and diverges for |z| > 1. By the integral test, the series
diverges for x = 1, but it converges for x = —1 by the alternating series test. Thus, the
series converges for z € [—1,1). O

n

f(z) = ZZO:O i

Solution. Since

1/n
_ — |1 1)! — 1
lim |— < lim M = lim =0,
n—oo | n! n—00 1/n| n—oo 4+ 1
the radius of converges is R = 0o, so the series converges for all x € R. O

f(z) = ZSLO:O nlz"

Solution. Since

Iim |n!]'/" = oo,
n— 00

the radius of convergence is R = 0, and the series converges only for x = 0. O
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4.2 Uniform Convergence

Definition 4.3. Let f, : S € R — R. We say that the sequence of functions (f,,)n
converges pointwise to a function f: S — R if

fn(z) = f(z)
for each x € S.

Example 4.2. Consider the power series f(z) = > 7 a,(z — x¢)". If R is its radius of
convergence, then we showed that the sequence of partial sum functions

Sn(x) = Zak(x — Jio)k
k=0

converges pointwise to f(z) for each z € R such that |z — zo| < R.

The questions that we might now ask is do the properties of our sequence of functions
carry over to the limit function. For examples,

a) If {f,,n > 1} are continuous and f, — f, is f also continuous?
b) If {f.,n > 1} are differentiable and f,, — f, is f also differentiable?
c) If {fn,n > 1} are integrable and f,, — f, is f also integrable?

Pointwise convergence turns out to be insufficient for these properties to carry over to the
limit function in general.

Example 4.3. Consider the sequence of functions f,, : R — R defined by

n 2
T
fol@) =) 7
= (1+a?)
and its limit function
[ee] IQ
I@) =2 ar

Note that f,(0) = 0 — 0 = f(0). For each z # 0, the series is a geometric series, which
converges to

= 2
T 2 1 2
n:x . 1 :1+x.
;(14—3:2) 1— =

Thus f, — f pointwise where

0 —0
f(‘r):{1’+z2, ;Ao.'

Note that f,,(x) is continuous but f is not continuous at 0. Thus, we have a sequence of
continuous function that converge pointwise, but the limit function is not continuous.
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The problem here becomes one of interchanging limts. For example, consider a sequence
of continuous functions f,, that converge pointwise to f. For f to be continuous at z € R,
we would need

f(@) =lim f(¢t) = lim lim f,(¢).

t—x t—x n—00
Since f, are continuous at x and converge pointwise to f, it is also true that

f(z) = nh_{go fa(z) = lim lim f, ().

n—oo t—x

Thus, it becomes a question of when can we interchange the two limit operations and say
that
f(z) =lim lim f,(t) = lim lim f,(¢)?

t—x n—oco n—oo t—x

The following example shows that we cannot always interchange limits freely.

Example 4.4. Consider the double array {x,, ,,m > 1,n > 1} defined by

m

Tmn =

m+n’

Then for each n > 1,

lim zp,, =1,
m—»00 ?

so that

lim lim =z =1.
n—soo m—oo "

However, for each fixed m > 1,
lim z,,, =0,

n—roo
so that
lim lim z,,, =0.
m—00 N—r00
Thus

lim lim z,,, # lim lim z,,,.
m—00 n—00 ’ n—00 M—00 ’

We illustrate with one more example that pointwise convergence of functions is not strong
enough to guarantee convergence of integrals.

Example 4.5 (Witch’s Hat). Consider the functions f, : [0,2] — R defined by

nlz, 0<z<1/n
falx) =X —n?(x—1/n)+n, 1/n<2<2/n.
0, 2/n<x<2

Then f,(x) — 0 (pointwise) for each each x € [0,2], but for all n > 1

2
/fn(x)dle.
0
Thus ) )
= n d dr =0,
1= [ b s [ o=

so that pointwise convergence of integrable functions does not imply the convergence of
their integrals.
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We will now introduce a stronger mode of convergence, that will allow us to establish con-
ditions where these properties can carry over from the sequence of functions to the limit.

Definition 4.4. Let f, : S — R and f : S — R be functions. We say that f,, converges
uniformly to f if Ve > 0, 3N € N such that n > N implies

[fn(@) = f(@)] < e
forall z € S.

Note 4.1. In the definition of uniform convergence, N depends on € but not x, whereas
in pointwise convergence N would depend on both € and z. It should also be clear that if
a series of functions converges uniformly then it also converges pointwise.

Proposition 4.1 (Cauchy Criterion for Uniform Convergence). The sequence of functions
fn S — R converges uniformly to f : S — R if and only if Ve > 0, AN € N such that
m >n > N implies

|fm(gj) - fn($)| <e
forallxz € S.

Proof. (=) Suppse f, — f uniformly in S. Let ¢ > 0, and choose N € N such that for
allz € S,
5
n2N = |fu(z) - fl@)] <35

Then for all z € S, m > n > N implies

Fn@) = F2(@)| < (@) = F@)] +|f(@) = fal@)] < 5 + 5 = .

( <) Suppse (fn)n is uniformly Cauchy. Then for each € R, (f,(z))n is a Cauchy
sequence in R, so it converges to some point a, € R. Define f : S — Rby f(z) =

lim,, o fn(x) = a, (pointwise). Let e > 0. Choose N € N such that for all z € S,
m >n > N implies

|fm(x) - fn(x)‘ <e.

Then for n > N, we have for all x € S
7(@) ~ f() = T [f(2) ~ fule)| <.
so fn — f uniformly. O

Proposition 4.2. Suppose that f,, f : S — R are functions such that f,, — f pointwise.
Let

My, = sup [fn(z) — f(2)].
€S

Then f,, — f uniformly on S if and only if M,, — 0.
Proof. (=) Suppose f, — f uniformly on S. Let € > 0. Choose N € N such that for all

z € S and for alln > N
|fa(z) — f(2)| <,
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then for n > N
M, = sup |fa(z) — fz)| <e.
xTE

(<= ) Suppose M,, = 0. Let € > 0. Choose N € N such that n > N implies

My, = sup|fn(z) — f(z)| <e.
z€eS

Then for all x € S and for all n > N

[fn(z) = f(@)] < My <e.

Note that all the results for sequences of functions carry over to series of functions

f@) =" falx)
n=1

since the series is defined by the limit of the seqeuence of partial sum functions

M=

sn () =
k=1

The following theorem provides conditions for which a series of functions converges uni-
formly on a set S.

Theorem 4.2 (Weierstrass M-test). Let (M), be a a sequence of positive real numbers
such that Y07 M,, < oo. If f, : S = R is a sequence of functions such that for each
n>1, |fo(x)| < M, for allz € S, then the series Y .- | fn(z) converges uniformly on S.

Proof. We will prove uniform convergence by showing that the Cauchy criterion for uni-
form convergence holds. Let ¢ > 0 and let s, (z) = Y__, fu(z). Since Y07 | M} < oo, we
can choose an N € N such that m > n > N implies

m
Z My < €.

k=n+1

Then form >n > N and for allz € S

> @< Y k@< Y Mi<e
k=n+1 k=n+1 k=n-+1

Example 4.6. Show that > >7 £

ne1 wiimge converges uniformly on [0, 1.
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Solution. Let

X
@)= g 0o < L
Then 1 2 1 4 1
n— n n— n—
fola) = oo P T >0,0<z <1,

n3 +nz®  (n3+na)?2 (03 + nazn)?

so each f, is an increasing function and

1
| fa(2)] < Ban M,, forall0 <z <1.
Since
[e%) 0o 1
DoM<y
n=1 n=1

and > 7 1/ n3 converges by the integral test, >0 | M, converges by the comparison

test. Therefore,
o0 oo xn
nz::lfn(x) = Z 3 + nan

n=1

converges uniformly on [0, 1] by the M-test. O

4.3 Uniform Convergence and Continuity

We will come back to conditions under which a limit function is differentiable or inte-
grable if the sequence of functions is differentiable or integrable, respectively. For now,
we provide some conditions under which the limit of a sequence of continuous functions is
continuous. First, we state a more general result about a uniformly converging sequence
of functions and interchanging limits.

Theorem 4.3. Let f,,f : S — R be functions and suppose that f, — f uniformly on
S. Let x be an accumulation point of S, and suppose that lim;_,,, f,(t) = A,. Then (A)n
converges and

lim f(¢t) = lim A,.

t—x n—00
Note 4.2. The previous theorem states that for a sequence of uniformly convergent func-
tions we have for an accumulation point x such that lim;,, f,(z) exists for each n > 1

lim lim f,(¢t) = lim lim f,(¢).

t—x n—o0 n—oot—x

Proof. Let € > 0. Since f, — f uniformly on S, there exists an NV € N such that m >n >
N implies for all t € S

|fm(t) - fn(t)l <e.

Thus for m >n > N,
— = 1 —1i =1 — < .
[Am — Ap| = |lim fro () — lim £, ()| = lim | f;n(8) — fu(B)] < &

Hence, (A, )y is a Cauchy sequence in R, so it is convergent. Let A = lim,, o, 4,,. Next,
note that for any n > 1

|f(t) - A| < |f(t) - fn(t)| + |fn(t) - An| + ‘An - Al
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Let Ny € N be such that n > N; implies
fu(t) — F(8)] < % for all ¢t € S,
and let No € N be such that n > Ny implies
€
A, — Al < =.
An - Al < £

Now, let N = max{N;, No} and fix ng > N. Since lim;_,; fn,(t) = A,,, there exists a
d > 0 such that 0 < |t — x| < ¢ implies
€
|fno(t) _Ano‘ < g
Hence for 0 < |t — x| < §, we have
E € €
|f(t) - A| < |f(t) - fno(t)| + |fno(t) - Ano‘ + |Ano - A| < g + g + g =E.
O

Corollary 4.1. If f,, : S — R are continuous functions on S and f, — f uniformly on S,
then f is continuous.

Proof. Let x be an accumulation point of S. Then by continuity of f,
1 = >
tlgrglg fa(t) = falz), Vn > 1.
Since f,, — f uniformly on S, we have lim, o fn(z) = f(z), and by Theorem 4.3 that
lim lim f,(¢) = lim lim f,(¢).

t—x n—o0 n—oo t—x

Together these imply

lim f(t) = lim Tim f(t) = lim lim fu(t) = lim_ fo(2) = ().

—T n—00 n—o0 t—x n

Example 4.7. Show that f(z) =Y 7

n . .
ne1 754w is continuous on [0,1].

Example 4.8. We showed previously that the series converges uniformly on [0, 1] by the
M-test. Since for each n > 1

n n

X

k=1
is continuous, we have that f is also continuous on [0, 1] by our Corollary 4.1.

We now return to power series. Recall that power series are series of the form

o0
g apz"

n=0

which is a limit of polynomial functions. Since polynomial functions are continuous on
their domain, we might expect power series to be continuous as well. This is the topic of
the next few results.
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Proposition 4.3. Let ZZO:O anx™ be a power series with radius of convergence 0 < R <
oo. If 0 < p < R, then the power series converges uniformly on [—p, p].

Proof. Let R > 0 be the radius of convergence of " ja,z", and let 0 < p < R. Then
the series converges absolutely for all z € (—R, R), so it also converges absolutely for x €
[—p, p]. Note that for each n > 0,

lanz"| < |an|p" (:= M,), for all x € [—p, p),

and Y07 |an|p™ converges. Then by the M-test, >~ a,z™ converges uniformly on [—p, p].
O

Corollary 4.2. The power series ZZO:O anx™ with radius of convergence R > 0 is a con-
tinuous function on (—R, R).

Proof. Let 9 € (—R,R). Then 3p > 0 such that o € [—p,p] C (=R, R). Since
>0 o anx™ converges uniformly on [—p, p] and s,(z) = >,_, axz® are continuous on
[—p, p] for each n > 0, > ana™ is continuous on [—p, p|. In particular, since 2o €
[=p,p], Yovry anx™ is continuous at xg. Therefore the series is continuous on (—R, R)
since zp € (—R, R) was arbitrary. O

Note 4.3. Though it might, the power series need not converge uniformly over (—R, R)
itself, even though it converges uniformly for every [—p,p] C (=R, R). Regardless, the
conclusion that the series converges to a continuous function over (—R, R) holds.

Example 4.9. Show that ) jz"/2" is continuous on (—2,2) but does not converge
uniformly on (—2,2).

Solution. Note that this is a power series with a,, = 27™. The radius of convergence is
given by o
R=1/ Tim |1/2"|V/" =2,

n— oo

Then we immediately have that > ° 27 "2™ is continuous on (—2,2), but for m > n,

m m
Z 27 Fgk| = Z 27kok —m — .

k=n+1 k=n-+1

sup
z€(—2,2)

This shows that the sequence of partial sums is not uniformly Cauchy and hence does not
converge uniformly on (—2,2). O

The next result addresses when we can further conclude continuity at + = R and x = —R.

Proposition 4.4 (Abel’s Theorem). Let f(z) = Y " ;ana™ be a power series with finite
radius of convergence 0 < R < oo. If the series converges at x = R, then f is continuous
at © = R. If the series converges at x = —R, then f is continuous at x = —R.

Proof. Case 1: First, suppose f(z) = Y., a,z™ has radius of convergence R = 1, and
that it converges at @ = 1. Let s,(z) = > _,_jaxz® and let d, = Y} _jar = s,(1) for

n=0,1,2,.... Let d = >~ ,ar = f(1). For 0 <z < 1, we have

sn(x) = Zak.’tk = dO =+ Z(dk — dk,l)xk
k=0 k=1
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n n
=dy+ Z dkl‘k - Z dkflwk_l
k=1 k=1

n n—1
=dy +del‘k —dekxk
k=1 k=0

n—1
=do+d,z" + Z di(1 — sc)xk — xdy
k=1
n—1
= Z dr(1 — 2)a" 4 d,z"
k=0
Letting n — oo, we have for 0 <z < 1
_ 1 _ N 0= oan
flx) 7nlirréosn(x) 7kzodk(1 )z +d-0 Z)dn(l x)z".
= n=

Since for any 0 < z < 1, >0 2" = 2, we have 1 = > (1 — x)2" for any 0 < z < 1,
and

f(l)zdzdi(l—a:)m"zid(l—x)a:", 0<z<l
n=0 n=0

Hence we have for 0 < 2 < 1

oo

F() = fl) =) (d—dp)(1 - z)2™

n=0

Let € > 0. Since d,, — d, there exists an N € N such that n > N implies |d,, — d| < /2.
Let gy (x) = 25:0 |d — dp|(1 —x)z™. Then for 0 < x < 1, we obtain

o0

F() = f@)] <gn(@)+ > |d—dil(1 —)a
k=N-+1
<gn(z)+ Z E(1 —z)zk < gn(z) + g
k=N-+1

Note that gy (x) is continuous and gy (1) = 0. Thus, there exists a § > 0 such that 1 —§ <
x < 1 implies gn(x) < €/2. Then, for 1 —d <z <1

FQ) ~ f@)] <gnl@) +5 <5+ 5 =e,

so f is continuous at x = 1.

Case 2: Now, suppose that f(z) = Y~ a,z™ has radius of convergence 0 < R < oo, and
that the series converges at © = R. Let g(x) = f(Rx), and note that

g(z) = iaanmn’
n=0
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which has radius of convergence 1, and it converges at « = 1. Then g(x) is continuous at
2 =1 by case 1. Since f(x) = g(x/R), it follows that f is cotinuous at = = R.

Case 3: Suppose f(z) = >~ a,z™ has radius of convergence 0 < R < oo, and that the

series converges at © = —R. Let h(z) = f(—x) and note that
h(z) = Z(—l)"anx"
n=0

which has radius of convergence R and converges at R, so h is continuous at z = R by
case 2. If follows that f(z) = h(—z) is continuous at z = —R. O

4.4 Applications in Probability and Statistics

e Convergence in distribution and Polya’s theorem.



Chapter 5

Differentiation

5.1 Basic Properties of Derivatives

Definition 5.1. A function f : (a,b) — R is said to be differentiable at a point ¢ €

(a,b) if

o f@) — (o)

T—c Tr—cC
exists and is finite. In such a case, we write f’(c¢) for the derivative of f at ¢. If f is dif-
ferentiable at all x € D C (a,b), then we say f is differentiable on D and write f’ : D C

a,b) — R for the derivative of f and denote this function f’ or 4 f(z).
dz

Note 5.1. Note that
f(z) = f(=)
x—c
is the slope of the secant line through the points (z, f(z)) and (¢, f(c)). As x — ¢, if f is
differentiable at ¢, then this approaches the slope of the tangent line to f at (¢, f(c)) given
by
L(z) = f(c) + m(e)(x —¢).

Thus, f is differentiable at ¢ if and only if there exists a linear function L(xz) = f(c) +
m(x — ¢) such that

7‘13@)_[/(0) —+0 as z—c.
r—c
In this case, f’'(c) = m and
CREIMCEVC WP
T —c T —c

and f'(¢) = m. L(z) is a linear approximation of f at ¢ when |z — ¢| is small.

Note 5.2. An equivalent definition of the derivative of f at c is

f/(c) — lim f(C+ h’) — f(C)

h—0 h

provided the limit exists and is finite.

68
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Example 5.1. Show that f : R — R defined by f(z) = 2™, n € N is differentiable
everywhere and that f’(c) = nc" L.

Solution. Note that for n € N

n—1
2" =" =(x—c) Z ahen=h-1,
k=0

Then ) )
_f@) = fle) _ . Nk n—k—l_ni n—1 _  n—1
il_}mcﬁ—ilg}zzbrc —Zc =nc" .
k=0 k=0
O
Theorem 5.1. If f: (a,b) — R is differentiable at ¢ € (a,b), then f is continuous at c.
Proof. Let € > 0. Choose §; > 0 such that = € (a,b) and 0 < |z — ¢| < §; implies
fl@)—flo) Ve
P o)) < 5
Let § = min{d1,/&,e/(2]f'(c)|)}, where we define £/0 = co. Then for € (a,b), 0 <
|z — ¢| < ¢ implies
flx) = (o)
@) - 101 = [P
Jlx) - fle
S A L RAT I
<Y VEtifa<e
O

Note 5.3. Alternatively, we can prove that differentiability implies continuity using the
properties of limits of functions. Since ¢ is an accumulation point of (a,b), recall that f is
continuous at c if

lim f(z) = f(c),
or equivalently,
|f(x) = f(c)] >0 as = —c.

Note that f differentiable at ¢ implies

tim [ 2SO
so for z # ¢
f(x) = f(c)

|z —c| = |f'(c))-0=0 as = —c.
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Definition 5.2. For a function f : [a,b] — R, the right hand derivative of f at ¢ for
a<c<bis

exists and is finite. The left hand derivative of f at ¢, a <c<bis
f/(c_> — lim f(x) — f(C)
T—c™ xr —cC

exist and is finite. We say that f is differentiable in [a, ] if f is differentiable on (a,b) and
f has a left hand derivative at b and right hand derivative at a.

Note 5.4. For ¢ € (a,b), f'(c) exists if and only if f'(c+) and f/(c—) both exists, are
finite, and equal.

Definition 5.3. For f: (a,b) — R, if for ¢ € (a,b)

i L@ =10 _
r—c r — C

then we write f'(¢) = co. We define similarly f'(¢) = —oo, f/(c+) = too and f'(¢—) =

+00. When we say that f is differentiable at ¢, we allow for the derivative to be infinite.

In cases where we require the derivative to be finite, we will say differentiable and finite.

Example 5.2. Define f : R+ R by f(z) = 2'/3. Then for z # 0

g0 2 e

s0
£1(0) = lim 272/3 = 0.

20
If we let g(z) = 272/3, then

¢'(0—) = —co and ¢'(04) = oco.
Proposition 5.1. Suppose that f,g: (a,b) — R are differentiable at x € (a,b). Then
a) (f +9)(x) = f'(z) + g'(z).
b) (fg)'(x) = f'(x)g(x) + f(x)g (x).

oy I (@)g(@) — f(z)g'(z)
c) (f/9)(z) = [9(z)]?

Proof. a) Suppose that f and g are differentiable at & € (a,b). Then, for h # 0

(f+9)(x+h)—(f+g)(z) fle+h)—f(x)  glz+h)-g) , )
5 = = + , — f'(z) + ' (2)

provided g(z) # 0

as h — 0.
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b) Suppose that f and g are differentiable at € (a,b). Then f and g are continuous at
x, so for h #0

(f9)(x+h) = (fo)(x) _ (fo)(x+h) = f(x)g(z +h) + f(x)g(z + h) — (fg)(x)

h h
:w.g($+h)+f(x).

— f'(x)g(x) + f(z)g'(x) as h — 0.

glz +h) —g(x)
h

c) Suppose that f and g are differentiable at € (a,b) and that g(x) # 0. Since g is
continuous at z and g(z) # 0, 36 > 0 such that for |z — ¢t| < d, g(¢t) # 0. Thus for

6 <h<3,
e~ _ 9(@) —glz + h)
h hg(x)g(xz + h)
g+ h)—g@) 1
h g(z)g(x + h)
_ 9@
— 9@ h — 0.

The result follows by applying part b).
O

Note 5.5. By part b), if g(z) = ¢ for some ¢ € R and for all x € (a,b) (i.e. g is a constant
function), then (cf)’(x) = ¢f’(x). Furthermore, combining parts a) and b), differentiation
is linear, i.e.

(af +bg)'(x) = af'(x) + b (x).

Theorem 5.2 (Chain Rule). Suppose f : (a,b) — R is differentiable at ¢ € (a,b), and
g: (m, M) — R is differentiable at f(c) € (m, M), then go f is differentiable at ¢ and

(g0 f)(c)=g'(f(e)) f(o).
Proof. Define h : dom(g) — R by

9(@) - 9(f(c)
Mm:{ L £ 10
¢ (F(©), = 1(0)

Since g is differentiable at f(c),

: _ g(x) — 9(f(c))
wg?%c) hz) = e=fle)  x— f(e)

=g'(f(c)),
so h is continuous at z = f(c). Note that for all z € dom(g)

9(x) = g(f(c)) = h(z)(x = f(c)).

Since f is differentiable at ¢, f is continuous at ¢, so that h o f is continuous at ¢ and

lim 2(f(x)) = h(f(c)) = lim h(x)=g'(f(c)).

T—e z— f(c)
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Then for t # ¢ such that f(¢) € dom(g)

(go f)(t) = (go f)(e)
t—c

= (s - 1O =1

= h(f(e)f'(c) =g (f(e)f'(c) ast—c.

Note 5.6. It is tempting in the proof of the chain rule to write for ¢ # ¢
(9o f)t) —(go f)le) _ (9o f)t) — (9o f)lc) [f(t)— f(c)

t—c f@t) = (o) t—c ’

but this is only true if ¢ # ¢ implies f(t) # f(c), which is not true in general. The other
subtle point is that it is essential that h is continuous at f(c) and f is continuous at ¢ in
order to conclude

lim A(f(z)) = lim h(zx)

e v £(c)

as the following example shows.

Let
W) = 4, x#1 and f(z) = 1+ zsin(n/x), ;E#O.
—4, z=1 1, z=0
Note that lim,_,¢ f(z) = 1, and lim, 1 h(z) = 4. Recall that lim,_,o h(f(z)) = h(f(0)) if
and only if V(z,,), C dom(h o f) such that x,, # 0 and z,, — 0, h(f(z,)) — h(f(0)). Let

2y, = 2/n for n € N. Then clearly z,, — 0, but

nm 1, n even

2 .
flxn) =1+ —sin (7) = {1 n (_1)(%1)/2)%(# 1), nodd

Then
—4
4

, M even

humm>={ e

)

so lim,_o(h o f)(z) does not exists, even though

lim f(z) =1 and lim h(z) = 4.
r—1

z—0

5.2 The Mean Value Theorem

Definition 5.4. A function f : S +— R has a local max at ¢ € S if 3§ > 0 such that for
T €S,
|z —c| <0 = f(z) < f(o).

Similarly, f has a local min at ¢ € S if 3§ > 0 such that for x € S,
|z —c| <0 = f(z)> f(o).

Proposition 5.2. If f : (a,b) — R has a local extremum at ¢ € (a,b) and f'(c) exists,
then f'(c) =0.
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Proof. We consider two cases: 0 < f/(¢) < co and —oo < f(¢) < 0.
Case 1: 0 < f’(¢) < co. Then by the definition of the derivative, 36 > 0 such that
fx) = f(o)

Tr—cC

0<|lz—¢cl<éd = > 0.

Then for c—d <z < ¢, z—c<0,s0 f(x)— f(c) < 0. Similarly, for ¢ <z < ¢+, z—c > 0,

so f(z) — f(¢) > 0. Thus, ¢ cannot be a local min or max.

Case 2: —oo < f’(¢) < 0. Similar to case 1. O

Theorem 5.3 (Rolle’s Theorem). Suppose f : [a,b] — R is continuous on [a,b] and
differentiable (finite or infinite) on (a,b). If f(a) = f(b), then Jc € (a,b) such that f'(c) =
0.

Proof. Since [a,b] is a closed and bounded set in R, it is compact. Since f is continuous
on [a,b], by Corollary 3.2 3z, x5 € [a,b] such that

f(@1) = min{f(z) : x € [a,b]} and f(z2) = max{f(z) : z € [a,0]},
so f(z1) < f(x) < f(x2) for all z € [a, b].
Case 1: Suppose {z1,z2} C {a,b}. Then f(a) = f(b) implies
fla) = f(z1) = f(z2) = f(b).

Since f(z1) < f(z) < f(az) for all z € [a,b], f is constant on [a,b], so f'(c) = 0 for all
¢ € (a,b).

Case 2: Suppose z1 € (a,b). Since f(z) > f(x1) for all z € [a,b], x1 is a local minimum.
Because f is differentiable at 21, f'(x1) = 0 by Proposition 5.2.

Case 3: Suppose 5 € (a,b). Similar to case 2. O

Theorem 5.4 (Generalized Mean Value Theorem (Cauchy’s MVT)). If f,g : [a,b] — R
are continuous on [a,b] and differentiable on (a,b) with at least one of f' or ¢’ finite for
all z € (a,b), then Jc € (a,b) such that

F'(©)lg(®) = g(a)] = ¢'(0)[f(b) — f(a)].
Proof. Define h : [a,b] — R by

Since f and g are continuous on [a, b], h is also continuous on [a, b]. Furthermore, h is dif-
ferentiable on (a,b) (possibly infinite). Note that

and
h(b) = f(b)[g(b) — g(a)] = g(B)f (b) — f(a)] = g(b)f(a) — f(b)g(a).
Thus h(a) = h(b), so by Rolle’s theorem, 3¢ € (a, b) such that

0="1(c) = f'(0)lg(b) — gla)] = g'(c)[(b) — f(a)].
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Corollary 5.1 (Mean Value Theorem). If f : [a,b] — R is continuous and differentiable
(possible infinite) on (a,b), then 3c € (a,b) such that

f(0) - f(a)

e —

f (C) - b —a

Proof. Take g(x) = x and apply the Generalized MVT. O

Proposition 5.3. Suppose f : [a,b] — R is continuous and differentiable (possibly infi-
nite) on (a,b).

a) If f'(x) > 0 Vx € (a,b), then f is strictly increasing on [a,b].

b) If f'(x) < 0 Vx € (a,b), then f is strictly decreasing on [a,b].

c) If f'(x) =0Vzx € (a,b), then f is constant.

Proof. Let s,t be such that a < s <t <b. Then by the MVT applied to f : [s,t] — R,

f(t) = f(s)
t—s
for some z € (s,t), so f(t) — f(s) = f'(x)(t — s).
)

a) If f/(z) > 0for all z € (a,b), then f(t) — f(s)
a<s<t<b = f(s) < f(t).

f'(z) =

0 for all a

\
IN

s < t < b. Thus,

N

b) If f'(z) < 0for all z € (a,b), then f(t) — f(s) < Oforalla < s < t < b. Thus,
t

(
a<s<t<b = f(s)> f(t).
(

c) If f/(x) = O for all z € (a,b), then f(¢t) — f(s) = 0 for all a
f(a) = f(t) for all t € [a, b)].

IN

s < t < b. Thus,

O

Theorem 5.5 (Intermediate Value Theorem for Derivatives). Suppose f : [a,b] — R is
differentiable on [a,b] (possibly infinite). If m lies between f'(a+) and f'(b—), then Ic €
(a,b) such that f'(c) =m.

Proof. WLOG assume —oco < f'(a+) < m < f'(b—) < oo (otherwise use —f). Define

g(x) = f(z) — f(a) fora<z<b
T—a
and
h(x):w fora <z <b.
Note that

and lim,_,,+ g(z) = f'(a+) and lim,_,;,- h(x) = f'(b—).
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Case 1: Suppose that m = f(b) f(a) . By the MVT, 3¢ € (a, b) such that

po= 1010 _,

Case 2: Suppose m < f(b) (a) = g(b). By assumption
lim_g(x) = f'(a™) <m,
z—at

so Jx; such that a < 21 < b and g(z1) < m. Since g is continuous on [z1,b] and g(z1) <
m < g(b), by the IVT, Jx5 € (x1,b) such that

fz2) — f(a)
To—a
Now, by applying the MVT to f on [a, 3], 3¢ € (a,z2) such that

f/(C) _ f(z2) — f(a) —m.

T2 —a

m = g(z2) =

Case 3: Suppose m > f(b) f(a) = h(a). By assumption
m < lim h(z)= f'(b"),

z—b—

so Jx; such that a < 1 < b and h(z1) > m. Since h is continuous on [a,z1] and h(a) <
m < h(z1), by the IVT, 325 € (a, 1) such that

m = h(xg) = w

Now, by applying the MVT to f on [z2,b], 3¢ € (x2,b) such that

T2
[

Corollary 5.2. If f : (a,b) — R is differentiable and f' is monotonic on (a,b), then f' is
continuous on (a,b).

Proof. Since f’ is monotonic, the only type of discontinuities possible are jump disconti-
nuities. Suppose that f’ has a jump discontinuity at = € (¢,d) C (a,b). WLOG assume
f' is increasing. Then f(c¢) < f(z—) < f(z+) < f(d), so by the IVT for derivatives,
3t € (¢,d) such that

flla=) < /(1) < f'(a+),

but this can’t happen, since f’ is increasing. O

Corollary 5.3. If f : [a,b] — R is continuous and differentiable (possible infinite) on
(a,b) with f'(x) # 0 Va € (a,b), then f is either strictly increasing on [a,b] or f is strictly
decreasing on [a,b].

Proof. If f'(z) # 0Vz € (a,b), then f'(x) > 0 for all z € (a,b) or f'(z) < 0for all z €
(a,b). If not, then by the IVT for derivatives, Jc € (a,b) such that f’(¢) = 0, contradicting
our assumption. The result then follows from Proposition 5.3. O
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5.3 Uniform Convergence and Differentiation

A question we might now ask is ”If f,, — f and and each f,, is differentiable is f differ-
entiable and does f'(z) = lim,_ f/,(2)?” This is not true in general as the following
example illustrates.

Example 5.3. Let f,, : R+ R be defined by f,(z) = ﬁ sin(nz). Then

lim f,(z) =0:= f(x).

(z) = /ncos(nz) and f'(z) = 0, but for « # M, k ez,
falz) 7 f(2).

For example, f,,(0) = v/n — o0 # 0= f'(z).

Proposition 5.4. Let {f, : [a,b] — R,n > 1} be differentiable on [a,b] and suppose
{fn(x0)}n converges for some x¢ € [a,b]. If (f],)n converges uniformly on [a,b], then f, —
f uniformly on [a,b] for some function f and

f'(x) = lim f.(x), z € [a,b].

n—00

However, f

Proof. Let € > 0. Choose N € N such that m > n > N implies
€
o) = (o)l <

and
€

12(0) = Fl0)] < 55

for all ¢t € [a,b]. Let x,t € [a,b]. Then by the MVT applied to f,, — f,,, we have for some ¢
between x and ¢ and for m > n > N,

elz —t

Fule) = fnl) = Fult) + 0] < 1£1(6) = Frn@lle — 1 € Zpr=s < 5.

Thus, for all « € [a,b], m > n > N implies

[fn(2) = fm(@)] < [fn(2) = fn (@) = fr(@0) + fin(20)] + [ fn(20) = frm(20)]

<§+§—5
2 2 7

0 (fn)n is uniformly Cauchy on [a,b]. By Cauchy convergence criterion for uniform con-
vergence, f, — f uniformly on [a,b] to a function f, where

f(z) = lim f,(x), = € [a,b].

n— oo

Now, fix an z € [a,b] and define

fu(t) = falz)
t—x

f@t) = f(x)

t—x

On(t) = and ¢(t) =
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for all t € [a,b], t # x. Then for each n =1,2,3,...,

lim ¢,,(t) = f,,(z)

t—x

where the limit it understood to be a right hand limit at x = a and a left hand limit at
r=b Form>n>N

= fo() = fm(t) = fa(@) + fn(x) | _ et —2| ¢
t—x “20b—a)t—z 2(0b-a)

|¢n (t) - ¢m (t)

S0 (¢ )n 1s uniformly Cauchy and hence uniformly convergent for ¢ € [a,b], t # . Thus,
we have ¢, — ¢ uniformly on [a,b] \ {z} and lim;—,, ¢, () = f}, (), so by Theorem 4.3

f(x) = lim ¢(t) = lim lim ¢,(t) = lim lim ¢,(t) = nhﬂrr;Q fh(x).

t—x t—x n—o00 n—oo t—x

We now return to a power series. If a function f(z) = > 7 a,z™ has radius of con-
vergence R > 0, then what can we say about f/(z)? It seems reasonable that since the
derivative is linear that

d - n - d n __ - n—
f’(m)zﬁganx :;%anx —;nanm L

This turns out to be true a we will now show.

Proposition 5.5. If f(z) = Y.°7  an,z™ has radius of convergence R > 0, then f is

n=0

differentiable on (—R, R) and for |z| < R,

f(z) = i naz" L.

n=1

Proof. Let f(z) = > e, arz® be a power series with radius of convergence 0 < R < oc.
Let 0 < p < R and define f,(z) = > )_saxz®, n = 1,2,3,..., on [—p, p|. Then f, is
differentiable on [—p, p] and f, — f uniformly on [—p, p].

Consider the power series Y, karpz*~', and note that this series converges at z if and

only if
oo (oo}
T Z kapz" ' = Z kapz"
k=1 k=1

converges, i.e. these two power series have the same radius of convergence. The radius of
convergence is
1 1

im0 ‘nan‘l/n B limy, o0 |an|1/n B

3

since lim,,_,oo n'/™ = 1. Thus,

fli(z) = Z kapzh—t — Z kapzk~t
k=1 k=1
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uniformly on [—p, p]. Hence by Proposition 5.4

Fa) = tim ) = 3 hagat?
k=1

n—roo

Definition 5.5 (Higher Order Derivatives). Let f : (a,b) — R and set f® = f and
f) = . The nth derivative of f at x is defined recursively by
d

f(”)(z) — 7,](‘(”71)(1‘) — lim f(nil)(t) — f(”*l)(x)

dx t—x t—x

provided f("=Y(z) exists and is finite for ¢ € (z — &, + &) for some § > 0 and the limit
exists.

Note 5.7. For f(™(x) to exists, note that f("~1) must exists in a neighborhood of .
Corollary 5.4. If f(z) = Y.°, anx™ has radius of convergence R > 0, then f is in-
finitely differentiable on (—R, R) and for |x| < R,

o0

) (z Z (n—1)-(n—k+1a,2" % k=0,1,2,..

Proof. The proof follows by induction using that fact that for each k, f*=1) is a power
series with radius of convergence (—R, R), and so is differentiable with derivative

oo

) (z) = Z nn—1)---(n—k+ ayz"*.

n=~k

5.4 Taylor’s Theorem

Lemma 5.1. Let p(z) = ag +ai(x —¢) + -+ an(z — )" = Y p_yax(x — ¢)*. Then the
mth derivative of p for m <mn is

For m > n, p™(z) = 0.

k!
Proof. Form = 0, p® =Y}, a; (z —c)*0 =370 ar(x — )k, so the formula holds

for m = 0. Now, suppose that for 0 < m <n

n

P = 3 e

k=m
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Then

k=m+1
k! k—(m+1)
= X wg T © Y ,
P (k—(m+1))!

so the formula holds for m + 1, and the result follows by induction for 0 < m < n. Note

that p(™ (x) = a,n!, so p( ¥ (2) = 0 for all k > 1. O
Corollary 5.5. Suppose that p(z) = >, _,ar(x — ¢)* is a polynomial, then for all m €
(m)
P (e)
{0,1,2,...,n}, apm = -

Proof. For 0 <m < n,
W)= S k! hem
P = 3 an @ =0

so p™)(¢) = a,m. O

Definition 5.6. If f : (a,b) — R is n-times differentiable at ¢ € (a,b), then the n-th
order Taylor polynomial centered at ¢ for f is

ek,
p) =3 0o

k=0

Note 5.8. The n-th order Taylor polynomial is the unique polynomial of degree at most
n such that p*)(c) = f*)(c) V0 < k < n. The remainder in this approximation is

) (e
Ru(@) = )~ 3. 0 e o

k=0

If f has derivatives of all orders and R, (x) — 0, then we can write

(k) (4
o= 3 o

which is called the Taylor series of f. Not every function has a Taylor series. In the
case, where ¢ = 0, the n-th order polynomial (or series) is also referred to as a McLau-
ren polynomial (or series). If a function has derivative of all orders, then we need to
know if the remainder goes to zero to be able to write a function as its Taylor series.

Example 5.4. Find the McLauren series of f(z) = sin(z).
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Solution. Note that

FO @) =sin(z) [V (2) = cos(z) f@(2) = —sinz) fO(x) = —cos(z) f* =sin(z),

so we have

0 n is even
™)y =< .
S0 {(—1)("1)/2, n is odd

Then the McLauren series is
(=D* o
(2k +1)!

1M

In order to write

o0
5 2k+1
sin Z % + i

k=0

we need to show that R,,(z) — 0, but we need a useful form of the remainder. This is the

subject of Taylor’s theorem. Note that this series converges for all x € R, but we cannot
say at this point whether or not it converges to sin(x). O

Theorem 5.6 (Taylor’s Theorem). Suppose f : [a,b] — R isn times differentiable on
(a,b). Let c € (a,b) and let p,—1(z) be the Taylor polynomial of degree n — 1 of f given by

#) (e
Pn-1(x) = ! k;!( )(ac — )",
0

I
-

n

E
I

Then for each x € [a,b] \ {c}, I between x and ¢ such that

A

n
n! '

f(x) = pn—l(x) +

Example 5.5. Show that that for all z € R,

; e DR
sin(x) = kzzomx k1

Solution. We now apply Taylor’s theorem to show that the remainder term goes to zero.
Note that f(z) = sin(z) has derivatives at of all orders and Vz € R. Recall that

£ ()] = |sin(z)], n %S even <1, VzeR
|cos(z)|, nis odd

(z —¢)

Then by Taylor’s theorem for each x € R, 3¢ between = and 0 such that

sin(z Zf

|x|n+1

~ (n+1)!

| R (2)| = -0,

‘ f(n:— 1 l_n+1
n

soVr € R
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Proof. Let ¢ € [a,b] and fix x € [a,b] \ {c¢}. Define

nl (k)
F(t) _ Z f k|(t) ($ 7t)l<:
k=0

and

Gt)=(x—o)"—(z—1t)"
for ¢t between x and ¢. Then for t between x and ¢

G'(t)=n(z—t)" !,

and
n=l op(k)
F/(t):% f k,|(t)(x_t)k
k=0
_ f(l)(t) + Lz: % (f(kH)(t)(x _ t)k _ kf(k) (t)(x — t)kﬂ)
k=1""
(n) n=2 p(kt1) 2 p(k+1)
e S
k=0 Lt
f(n) (t) n—1
CE R

Since F' and G are continuous on the closed interval between ¢ and x and differentiable on
the open interval between ¢ and z, by the generalized MVT 3 a £ between ¢ and d such
that

F'(§)[G(x) — G(o)) = G'(§[F (z) — F(c)].

Note that
G(z) = G(c) = (z — )"
and
F(z) — F(c) = f(z) — pp-1(2),
so that

(n)
(J;(‘f))!(x —&)" =) =n(x—&)" [f(2) = paa(z)).

Rearranging terms we get

(n)
P20 gy = 1)~ paa o)

5.5 Applications in Probability and Statistics

e Probability Generating Functions

e Delta Method



Chapter 6

Riemann-Stieltjes Integration

In this section, we seek to define the Riemann-Stieltjes integral. This will allow us to de-
fine the expectation of a random variable as an integral in both the discrete and continu-
ous cases. In particular, given a random variable with CDF F', we will see that

BX /°° JF fix;o zf(x) dz, X is continuous with pdf f
= x =
oo Do xp(x), X is discrete with pmf p.

Recall that in the continuous case f(x) = F’(x) and in the discrete case p(z) = F(z+) —
F(z—).
6.1 Definition and Existence of the Integral
We begin with some notation. Suppose f : S — R is a bounded function. Define
M(f,S) =sup{f(x):x €S} and m(f,S)=inf{f(z):z € S}.
Note that if S; € Sy and f : S5 — R is bounded, then
M(f7 Sl) < M(fv ‘92) and m(fa Sl) 2 m(f7 52)
Lemma 6.1. If f : S — R is bounded, then
M(f,S) _m(f7S) = sup{f(s) _f(t) HENAS S}
Proof. Recall that for A, B C R, inf A = —sup(—A) and sup(A + B) = sup(A4) + sup(B).
Then
M(f,8) = m(f,8) = sup{ f(s) : 5 € S} — nf{f(t) : t € S}
=sup{f(s):s e S} +sup{—f(t):t €S}
=sup{f(s) — f(t) : s,t € S}.
O

Definition 6.1. Given an interval [a,b] C R, a partition of [a, b] is an ordered set P =
{to,t1,...,tn} where a =tg <t1 < ... < tn_1 <tn, =b. Let Aty =t — tx_1 be the length
of [ty—1,tx]. We define the mesh of P by mesh(P) = max{At; :k=1,2,...,n}.

82
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Definition 6.2. Let f : [a,b] — R be bounded. Given a partition P = {tx}}_, of [a,b],
we define the upper and lower Darboux sums

U(f,P) =Y M(f, [te—1, tx]) At

k=1

and
n

L(f,P) = m(f, [te—1, tx]) Al

k=1
The upper and lower Darboux integral of f are

b
[ £do=vin) =mtU(s,P)

and .
/fdz=Mﬁ=%?Mﬂm

where the sup and inf are taken over all partitions P of [a,b]. f is said to be Darboux
integrable on [a,b] if U(f) = L(f). In this case, we write

/abfdac or /abf(m)dx

We will see later that the Darboux integral is equivalent to the Riemann integral, but we
want a more general integral for probability.

Definition 6.3. Let h : [a,b] — R be a bounded function and let F' : [a,b] — R be

a monotonically increasing function with F'(a) and F'(b) finite. Given a partition P =
{tr}1_, of [a,b], we define the upper and lower Darboux-Stieltjes sums with respect
of F over [a,b] by

U(h, P, F) ZM [th1,tr]) AFL

and

L(h,P,F) Zm [th—1,tk]) AFY.

where AF), = F(t;) — F(tx—1). The upper and lower Darboux-Stieltjes integrals of
f are

b
/ hdF =U(h,F) = ir;f U(h,P,F)

and

b
/ h dF = L(h, F) = sup L(h, P, F)
a P

where the sup and inf are taken over all partitions P of [a,b]. h is said to be Darboux-
Stieltjes integrable with respect to F on [a,b] if U(h, F) = L(h, F). In this case, we

write . .
/hdF or /h(x) dF(x).
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For ease of notation, we may write
Mk = Mk(h) = M(h, [tkfl,tk]) and mr = mk(h) = m(h, [tkfl,tk})

Note 6.1. First, note that when F'(z) = x, the Darboux-Stieltjes integral reduces to the
Darboux integral over [a, b].

Note 6.2. If M = M(h, [a,b]) and m = m(h, [a,]]), then given a partition P = {t;}}_, of
[a,b], we have for all k =1,2,...,n

m < mk(h) < Mk(h) < M.
So

m(F(b) = F(a)) =m Y AFx <> mpAF;
k=1 k=1

n n

< ZMkAFk < MZ AF,
k=1 k=1

= M(F(b) — F(a)).
This implies that for any partition P of [a, b]
m(F(b) _F(a’)) < L(h’PvF) < U(h7P7F) < M(F(b) _F(a))a

so that the upper and lower Darboux-Stieltjes sums are bounded, which implies the upper
and lower Darboux-Stieltjes integrals exist. Furthermore, if ¢} € [tx_1, tx], then

L(h,P,F)< > h(t;)AF, <U(hP,F).
k=1

Riemann-Stieltjes sum
Note 6.3. Throughout we will assume F(a) < F(b). If F(a) = F(b), then F(z) = F(a)
for all € [a,b] and for any partition P of [a,b], AF, =0 for all k =1,2,...,n and

n

Z My (R)AF, = ka(h)AFk =0.
k=1 k=1

Thus for any bounded & : [a,b] — R, if F(a) = F(b), then

b
/ hdF = 0.
a

Definition 6.4. If P; and P, are partitions of [a,b], then P, is a refinement of P if
P CPs.

Proposition 6.1. Let h : [a,b] — R be bounded and let F : [a,b] — R be monotonically
increasing with F(a) and F(b) finite. If Py, Py are partitions of [a,b] such that Py is a re-
finement of Py, then

U(h, Py, F) < U(h, P,, F)

and
L(haPhF) S L(h7p23F)
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Note 6.4. If P, C P, C --- is a sequence of partitions of [a,b] such that P;;; is a refin-
ment of P;, then this proposition implies that {U(h, P,, F)}, is a decreasing sequence and
{L(h, P, F)}, is an increasing sequence.

Proof. Let P, = {tx}}_, and let P, = P, U {Sj};nzl First, assume m = 1, so that P, =
Py U{s1}. Let 1 < j < n be such that t;_; < s; < t;. Then

M(h, [tj—1,t;)AF; = M(h, [tj—1,t;])(F(s1) — F(tj—1)) + M(h, [tj—1,t;])(F(t;) — F(s1))
> M(h,[tj—1,s1])(F(s1) = F(tj-1)) + M(h, [s1,t;])(F(t;) — F(s1))

Thus,
U(h, Py, F) =Y My(f)AFy + M;(h)AF;
k#j
>3 My(F)AF + M(h,[tj—1, 1)) (F(s1) = F(tj-1)) + M(h, [s1,8;)(F(t;) = F(s1))
k#j
= U(h, Py, F).

Repeating this argument m — 1 times, we obtain the result. The argument is the same to
show that L(h, P, F) < L(h, P2, F). O

Corollary 6.1. Let h : [a,b] — R be bounded, and let F' : [a,b] — R be monotonically
increasing with F(a) and F(b) finite. If P, and Py are any partitions of [a,b], then

L(h7P17F) SU(h7P27F)

That is every upper Darbouz-Stieltjes sum is an upper bound for the set of all lower Darbouz-
Stieltjes sums, and every lower Darbouz-Stieltjes sum is a lower bound for the set of all
upper Darbouz-Stieltjes sums

Proof. Let @Q = Py U Py, then @ is a refinement of both P; and Ps, so
L(h7P13F) < L(h,Q,F) < U(h7Q7F) < U(h’aP27F)
O

Proposition 6.2. Let h : [a,b] — R be bounded, and let F : [a,b] — R be monotonically
increasing with F'(a) and F(b) finite. If P is any partition of [a,b] then

b b
L(h,P,F)g/hng/hngU(h,P,F).

Proof. Let P,Q be partitions of [a,b]. Then
L(h, P, F) < U(h,Q, F).

Since P was arbitrary, this implies that

b
/ hdF =sup L(h,P,F) <U(h,Q, F).
Ja P
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Since @ was also arbitrary, this also implies that

b b
/hngiréfU(h,Q,F):/hdF

O

Theorem 6.1 (Cauchy Critertion for Darbou-Stieltjes Integrability). Let h : [a,b] — R
be bounded and let F : [a,b] — R be monotonically increasing with F(a) and F(b) finite.
Then h is Darbouz-Stieltjes integrable with respect to F' over [a,b] if and only if Ve > 0, 3
a partition P of [a,b] with

U(h, P,F) — L(h,P,F) < ¢.

Proof. (=) Suppose that h is integrable. Then
b
/ hdF =sup L(h,P,F) = ing(h,Q,F).
a P

Let € > 0. By definition of supremum and infimum, 3 partitions Py and Q) of [a, b] such
that
sup L(h, P, F) — % < L(h, Py, F) < sup L(h, P, F)
P P

and
infU(h,Q.F) SUG,Qo. F) < infU(h. Q. F) + 5.

Let R = Py U Qg be the common refinement of P and Q). Then
L(hvaaF) < L(thaF) < U(h,RvF) < U(haP()vF)v

SO
U(h,R.F) = L(h,R.F) <inf U(h.Q. F) + g —sup L(h, P, F) + g =
P

(<= Recall that V partitions P of [a, b]
b b
0< / hdF — / hdF <U(h,P,F) — L(h, P, F).

Let € > 0. Then 3 a partition Q of [a, b] such that

b b

0 g/ hdF — / hdF <U(h,Q,F)—L(h,Q,F) <e.

a ~Ja

Since € > 0 was arbitrary, this implies that

b b
/hdF:/ h dF,

so h is Darboux-Stieltjes integrable with respect to F over [a, b]. O

We now turn to some sufficient conditions for h to be integrable over [a, b] with respect to
F.
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Theorem 6.2. Let F : [a,b] — R be monotonically increasing with F(a) and F(b) finite.
If h : [a,b] = R is continuous, then h is Darbouz-Stieltjes integrable with respect to F over
[a,b].

Proof. Since h is continuous on [a,b] and [a, ] is compact, h is uniformly continuous on
[a,b], and h is bounded on [a,b]. Let ¢ > 0. Choose 6 > 0 such that s,¢ € [a,b] and

|s —t] < & implies
5

2(F(b) — F(a))’

Now choose a partition P = {t;}}_, of [a,b] such that mesh(P) < . (Note that such a
partition exists. We can choose the partition P = {a,a 4+ 6/2,a+9,...,b}.) Then

[h(s) — h(t)] <

U(h, P, F) = L(h, P, F) = (M (h) — mx(h)) AFy

k=1
n

sup  [h(s) = h(t)|AF},
k=1 SHt€[te—1,tx]

< 5w P 2=

- 9
 2(F(b) - F(a))

£

(F(b) — F(a)) <e.

Therefore, h is Darboux-Stieltjes integrable with respect to F' over [a, b] by the Cauchy
criterion for integrability. O

Theorem 6.3. Let h : [a,b] — R be bounded and let F : [a,b] — R be monotonically
increasing with F(a) and F(b) finite. If h is monotonic and F is continuous on [a,b], then
h is Darbouz-Stieltjes integrable with respect to F' over [a,b].

Proof. WLOG assume that h is monotonically increasing. If h(a) = h(b), then for any
partition P of [a,b], My (h) = my(h) = h(a), so that

U(h,P,F) — L(h, P,F) = 0.

Thus h is integrable. Now assume h(a) < h(b). Let € > 0. Choose a partition P = {t;}}_,
of [a,b] such that maxye(y2,... ny AFy < €/[h(b) — h(a)]. (Such a partition can be chosen
by the intermediate value theorem.) Note that, since h is increasing My (h) = h(t) and
mg(h) = h(tg—1), so

n

U(h, P,F) = L(h, P, F) = > (M (h) — my(h)) AFy

k=1
= (h(tp) — h(tpy—1))AF}
k=1
< h(b) f h(a) > (h(tx) = h(ti-1))
k=1
= < [h(b) — h(a)]
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= E&.

Therefore, h is Darboux-Stieltjes integrable over [a, b] by the Cauchy criterion for integra-
bility. O

Theorem 6.4. Let F : [a,b] — R be monotonically increasing with F(a) and F(b) finite,
and let h : [a,b] — R be Darbouz-Stieltjes integrable with respect to F over [a,b]. If m <
h < M and ¢ : [m, M] — R is continuous, then ¢ o h is Darbouz-Stieltjes integrable with
respect to F' over [a, b].

Proof. Let € > 0. Since ¢ is continuous on [m, M|, which is a compact set, ¢ is bounded.
Let K be such that sup,c(, a [¢(t)] < K. Furthermore, ¢ is uniformly continuous on
[m, M], so 36 > 0 such that § < e/[F(b) — F(a)+2K] and for s,t € [m, M], |s—t| <§ =
[¢(s) — (1) < e/[F(b) — F(a) + 2K].
Since h is Darboux-Stieltjes integrable with respect to F over [a,b], 3 a partition P =
{trx}1_, of [a,b] such that

U(h,P,F)— L(h,P,F) < §°.

Define the set A = {k : My(h) —my(h) < §} and B = {k : My(h) —my(h) > 6}. For k € A,
we have for all 2,y € [tg—1,tx], |h(x) — h(y)| < Mg(h) — mp(h) < §. Thus for k € A,

My(¢poh) —mp(poh) = sup  ¢(h(x)) — inf &(h(y))

z,y€tk_1,tx] YE[tk—1,tk]

= e?tup t }(b(h(x)) — o(h(y))

S Fo) = Fla) 1 2K

and for k € B, Mg(¢poh) —my(¢doh) <2K. Then
0<6> AF <> (Mi(h) = mg(h))AF, <U(h, P,F) — L(h, P, F) < §°,
keB keB

80 ) pep AF) < 6. It follows that

n

U(poh, P,F)—L(¢poh,P,F) = (Mg(¢oh) —my(¢oh))AF;

k=1
€
S F)— Fla) 1 2K ];4 Af +2K ,;B AF
S F) = Fia) o () — Fla)) +2K0
< = F(b) — F(a) +2K] = ¢

F(b) — F(a) + T
O

So far we have discussed Darboux-Stieltjes integrals, but we now turn to show that this
integral is the same as the Riemann-Stieltjes integral. The following definition describes
the Riemann-Stieltjes integral in a way more familiar from calculus.
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Definition 6.5. Given a partition P = {t;}}_, of [a,b], an augmentation of P has the
form P* = P U {t;}}_, where t} € [ty—1,tk],k = 1,2,...,n. Given a monotonically
increasing function F : [a,b] — R such that F(a) and F(b) are finite, define the F-mesh
of P as

meShF(P) = max{AFk = F(tk) — F(tkfl) tti—1,tk € P}

Let h : [a,b] — R be a bounded function, then Riemann-Stieltjes sum of h with
respect to F' over [a,b] is

R(h,P*,F Zh (t5)AFy.
k=1

h is said to be Riemann-Stieltjes integrable with respect to F' over [q,0] if 3] € R
such that Ve > 0, 3§ > 0 and a partition P of [a,b] with meshp(P) < § implies

I — R(h, P*,F)| <e

V augmentation P* of P. In such a case, we write

b
:/ h dF.
a

Theorem 6.5. Let h : [a,b] — R be bounded and let F : [a,b] — R be monotonically
increasing with F(a) and F(b) finite. Then h is Darbouz-Stieltjes integrable if and only if
h is Riemann-Stieltjes integrable. In this case, both integrals are equal.

Before we can prove this result, we need a few other preliminary results.

Lemma 6.2. Let h : [a,b] — R be bounded and let F' : [a,b] — R be monotonically
increasing with F'(a) and F(b) finite. Let M = sup,¢(, 4 |h(z)|. Suppose that P and Q are
partitions of [a,b] such that P C @Q, i.e. Q is a refinment of P. If Q has n more elements
than P, then

Uh,Q,F)—L(h,Q,F) <U(h,P,F)—L(h,P,F) <U(h,Q,F)—L(h,Q, F)+4Mnmeshp(P).

Proof. Suppose P = {ty}7r, and Q = PU {s} with ¢t;_1 < s < t; for some 0 < j < m.
Then

U(h,P,F)—U(h,Q,F) ZMk VAF), — ZMkAFk
k#j
+M(h [tj—1,s))(F(s) — F(tj—1)) + M(h, [s,t;])(F(t;) — F(s))]
=( sup h(zx)— sup h(z))(F(s) — F(tj-1))

TE[tj—1,t;] z€[tj_1,5)
+( sup  h@)— sup A@))(F(t;) = F(s))
T€[tj—1,t;] T€ls,t]

< 2M(F(s) — F(tj-1)) +2M(F(t;) — F(s))
=2M(F(t;) — F(tj-1))
< 2Mmeshp(P).
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Similarly,
L(h,Q,F)— L(h,P,F) < 2Mmeshp(P).

Combining these two inequalities, we get
(U(h,P,F)-U(h,Q,F))+ (L(h,Q,F)— L(h,P,F)) < 4Mmeshp(P)

so that
U(h,P,F)—L(h,P,F) <U(h,Q,F)— L(h,Q, F)+ 4Mmeshp(P)

Repeating this argument n — 1 more times, we obtain the result. O

We omit the proof of the following lemma, but the proof is based on the fact that a mono-
tonic function can only have jump discontinuities. This means it is piecewise continuous.
Furthmore, for any € > 0, there can be at most a finite number of jumps with size greater
than e. Thus we can always constuct such a partition on the parts where F' is continuous
and place points in P at the jumps that are too big, of which there are only finitely many.

Lemma 6.3. If F' : [a,b] — R is monotonically increasing with F(a) and F(b) finite, then
Ve > 0, 3 a partition P of [a,b] with meshg(P) < ¢.

Proposition 6.3 (Second Cauchy Criterion for Darboux-Stieltjes Integrability). Let h :
[a,b] — R be bounded and let F : [a,b] — R be monotonically increasing with F(a) and
F(b) finite. The h is Darbouz-Stieltjes integrable with respect to F over [a,b] if and only if
Ve > 0, 30 > 0 such that if P is a partition of [a,b] with meshp(P) < ¢, then

U(h,P,F) — L(h,P,F) < ¢.

Proof. (<= ) This clearly implies the Cauchy critertion for integrabilitiy.

(= )Lete > 0,and let M = sup,¢(, 4 |A(z)]. If M = 0, then the result is trivial.
Assume M > 0. By the first Cauchy criterion, 3 an partition Py = {tx}}_, of [a, b] such
that .

U(h,Po,F) —L(h,Po,F) < 5

Let 6 = g375; and let P be a partition of [a, b] with meshp(P) < §. Then for Q = PU Py

U(thvF)_L(thaF) SU(h?POaF)_L(haP()vF) <

N ™

and by the lemma

€
4Mn -
+ " 8Mn

<

U(h,P,F) — L(h,P,F) < U(h,Q, F) — L(h,Q, F) + 4Mnmesh(P)
13
2

O

We are now ready to prove the equivalence of the Riemann-Stieltjes and Darboux-Stieltjes
integrals.
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Proof. (= ) Suppose that h is Darboux-Stieltjes integrable with respect to F over [a, b].
Let ¢ > 0. By the second Cauchy criterion, 30 > 0 such that if P is a partition of [a, ]
with meshp(P) < ¢, then

U(h,P,F) — L(h,P,F) < ¢.
Choose such a > 0. Let P be a partition of [a,b] with meshg(P) < 4§, and let P* be
any augmentation of P, that is P* = {t;}}_, U {t;}}_,, where ¢ € [tr_1,t;]. Then for
k=1,2...,n,

mi(h) < h(t}) < M(h),

which implies that
L(h’ava) S R(h7p*7F) S U(haPaF)

Thus

b
R(h, P*, F) — (Darboux) / hdF| < U(h, P,F) — L(h, P, F) < c.

Thus, h is Riemann-Stieltjes integrable with I = (Darboux) fab h dF.

( <= ) Suppose that h is Riemann-Stieltjes integrable with respect to F' over [a, b] with
integral I € R. Let ¢ > 0. Let § > 0 be such that if P is a partition of [a,b], then
|R(h, P*,F) — I| < /4 for all augmentations P* of P. Let P = {t;}}_, be a partition
of [a,b] with meshp(P) < 4, and let Pf = P U {t}}7_, be an augmentation of P with ¢}
chosen such that h(t}) < mg(h) + TFG) —Fa)y et B3 =PU {sk}}_, be an augmentation
of P with s} chosen such that h(s}) > My(h) — TFO) —Flay): Lhen

I—= < R(h,P},F)

=] M

h(ti) AFy

I
NE

E
I
-

NE

< [mk(h) +

A(F(b) - F(a))

ST

= L(h,PF) +
1
which implies [ — § < L(h, P, F) < [ h dF. Similarly,

I+Z > R(h, P}, F)

:U(haP7F)_Za

which implies I — § > U(h, P, F) > ['h dF. Thus,

b b
1—§<L(h,P,F)g/hng/hngU(h,P,F)<I+g.
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In particular,

b b c c
Og/hdF—/ hng(I+§)—(I—§):g,

which implies that h is Darboux-Stieltjes integrable with respect to F' over [a, b]. Further-
more,

b
I- (Darboux)/ hdF| <e.

6.2 Properties of the Integral

We will now write h € Z(F,[a,b]) to mean that h is Riemann-Stieltjes integrable with
respect to F over [a, b].

Proposition 6.4. Let h,hy,hy : [a,b] — R be bounded, and let F,G : [a,b] — R be
monotonically increasing with F(a), F(b), G(a), and G(b) finite.

a) (Linearity) If hy,he € Z(F,[a,b]), then c1thy + cohe € Z(F,[a,b]) for any c1,c2 € R
and

b b b
/(Clhl —‘rCth) dF:cl/ hi dF+Cg/ ho dF.

b) (Order property) If hi,ho € Z(F, [a,b]) and h1 < ha, then

b b
/hlng/ hy dF.

¢) (Additivity) If h € Z(F,[a,b]) anda < ¢ < b, then h € Z(F,[a,c]) and h €

A(F,[c,b]). Moreover,
b c b
/hsz/ hdF—|—/ h dF.

d) (Positive combination) If h € Z(F,[a,b]), h € Z(G,[a,b]) and k1, ks are nonnega-
tive constants, then h € Z(k1F + k2G, [a,b]) and

b b b
/ h d(k1 F + koG) :kl/ hdF+k‘2/ h dG.
e) (Absolute integrability) If h € #Z(F,[a,b]), then |h| € Z(F, |a,b]), and

b b
/hdF g/ \h| dF.

Proof. a) First, note that for any partition P of [a,b] that

m(h1) +mg(h2) < mp(hy + he) < My (hy + he) < My(h1) + My (h2),
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which implies
L(hlvpaF)+L(h27PaF) < L(hl +h27P7F) < U(h1+h2aP7F) < U(hl,PaF)—i_U(h?vPaF) (*)
Let € > 0. Since hy, ho € Z(F,[a,b]), 3 partitions P; and P of [a,b] such that

U(hi, Py, F) — L(hy, P, F) < g and U(hg, Po, F) — L(ha, Py, F) <

DN ™

Let P = P, U P, be their common refinement. Then by ()

U(hy 4 hg, P,F) — L(hy + hy, P, F) < (U(hy, P,F) — L(hy, P, F)) + (U(hg, P, F) — L(hy, P, F))
£ g
5 + 5 =g,

50 hy + ha € Z(F,[a,b]) by the Cauchy criterion. Since (x) holds for any partition, we
have for all partitions P of [a, b]

b
/ (h1+h2) dFSU(hl,P,F)—‘rU(hQ,P,F)

and

b
L(hy,P,F) + L(he, P, F) < / (h1 + ho) dF.
Since hy, hy € Z(F,[a,b]), we can choose partitions Py, Ps, P5, Py such that
b € b €
/ hy dF - = < L(hy, P, F) and / ho dF = = < L{hy, Py, F)
a a

and

U(hl,Pg), / ha dF+§ and U h27P4, / ho dF—F*.

LetP:P1UP2UP3UP4. Then

b b c b b b c
/hldF+/ h2dF—5</(h1+h2)dF</h1dF—|—/ h2dF+§

Since & > 0 was abritrary, [*(hy + ha) dF = [ hy dF + [ hy dF.

The proof that ch € Z(F,[a,b]) and f; ch dF = cf; h dF is similar and is left as an

exercise.

b) First, suppose that h € Z(F,[a,b]) and h > 0. Let P be a partition of [a,b]. Then
my(h) >0 forall k =1,2,...,n and

b n
/ hdF > L(h,P,F) =Y my(h)AF}, > 0.
a k=1

Now, suppose h1, he € Z(F,[a,b]) with hy < hy. Then he — hy € Z(F, [a,b]) by part a)

and ) . .
Og/(hg—hl)dF:/ hng—/ hi dF.
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c) Let h € Z(F,a,b]) and let a < ¢ < b. Let € > 0. Choose a partition Py of [a,b] such
that
U(h, Py, F) — L(h, Po,F) <eE.

Let P = Py U {c}. Then, PNJa,c] is a partition of [a, c], and
U(h,PNla,c,F)— L(h,PNJa,c],F)<U(h,P,F)—L(h,P, F) < e.
Similarly, P N [c,b] is a partition of [¢, b], and
U(h, PO [e,b], F) — L(h, PN [c,b], F) < U(h, P,F) — L(h, P, F) < ¢.
Thus, h € Z(F,a,c]) and h € Z(F,[c,b]). Now, let P be any partition of [a, b] and
define Py = PU{c}, P = PyN|a,c] and P, = PyN[c,b]. Then Py = P U P, and
U(h, P,F) > U(h, Py, F) = U(h, P, F) + U(h, P>, F) > /Ch dF + /bh iF

and

L(h, P,F) < L(h, Py, F) = L(h, Py, F) + L(h, Py, F) < /

a

b
hdF+/ h dF.

Since P was arbitrary, we have

c b b c b
/hdF+/ hdFS/hdFS/hdFJr/hdF.

d) Left as an exercise.

e) Note that for all z,y € S C [a, D]

()] = |h(y)] < [Ih(@)] = [h(y)]] < [h(z) = hy)] < Sup h(z) — inf A(y).

This implies that for any partition P of [a, b]
[h(z)] = |h(y)] < Mi(h) —mi(h), Yo,y € [tk—1,tk], k=1,2,...,n.

so that
Mk(‘hD - mk(‘hD < Mk(h) - mk(h)a k= 1a2a sy N,

which implies
U(‘h|aPaF) _L(|h|7P7F) < U(haPaF) _L(h7P7F)

Thus, h € Z(F,[a,b]) implies |h| € Z(F,[a,b]) by the Cauchy criterion. Note that
|h] —h >0 and |h| + h > 0, so by the order property in part b) and linearity of part a)

b b b
Og/(|h|—h)dF:/ |h|dF7/ hdF

b b b
0§/(\h|+h)dF:/ |h|dF+/ h dF.

and



6.2. PROPERTIES OF THE INTEGRAL 95

Therefore,
b b b
—/ |h|dF§/ hdFS/ |h| dF =

Example 6.1. Let h : [a,b] — R be defined by

) reQ
h(x){—l, reR\Q’

b b
/hdF g/ \h| dF.

Then for any partition P = {tx}}_,, Mx(h) =1 and my(h) = —1 for all k =1,2,...n, so
n b
L(h,P,F) =3 my(h)AF, = ~1[F(b) - F(a)] = / hdF = F(a) — F(b)
k=1 ~a

and

U(h, P, F) ZMk JAF), = F(b) — F(a) = /bh dF = F(b) — F(a).

Thus h is not integrable, but |h| = 1 for all = € [a,b] so

/ ' () dF = F(b) — F(a)

This example shows that |h| € Z(F, [a,b]) /=~ h € Z(F,[a,b]).

Proposition 6.5. Let F : [a,b] — R be monotonically increasing with F(a) and F(b)
finite, and let h, g : [a,b] — R be bounded. If h,g € Z(F, [a,b]), then hg € Z(F,|a,b]).

Proof. Note that
(h+9)*—(h—g)*

hg = 1
hg € R(F(0,b) = h+g,h— g€ RF ab]) and with 6(t) = 22, (h + g)2, (h — )?
Z(F, |a,b]) by Theorem 6.4. Thus hg € Z(F, [a,b]). O

We now turn to two special cases of the Riemann-Stieltjes integral relevant to expecta-
tions of discrete and continuous random variables. Let s be fixed. Recall the indicator
function

1, z>s

0, z<s.

I(xzs):{

Before proving the expectation formula in the discrete case, we will prove a special case.

Proposition 6.6. Ifa < s < b, h : [a,b] — R is bounded, h is continuous at s, and

F(z)=1I(x > s), then
b
/ h dF = h(s)
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Proof. Note that F(b) = 1, F(a) = 0, and F is increasing. Let P = {t¢,t1,%2,t3} be a
partition of [a,b] with a = tg < t1 < t2 = s < t3 = b. Then F(t2) = F(t3) = 1 and
F(to) = F(t1) = O, SO

3 3
U(h,P,F) =Y MyAF, = My and L(h, P,F) =Y mAF; = m.
k=1 k=1

Let € > 0. Since h is continuous at s, 36 > 0 such that |s —t| < J = |h(t) — h(s)| < g/2.
Choose t1 = s — 0/2, then |t — s| < ¢ for all ¢ € [t1, s], which implies

|M®—Mﬂ<%gwemﬁy

Therfore,
My —mgo = sup h(t)— inf h(t)

teft1,s] t€[t1,s]

— sup h(t)+ sup [~h(t)
te[t1,s] tefts,s]

= sup [h(u) = h(v)]
w,vE[ty,s]

= sup [h(u)—h(s)+ h(s) — h(v)]
w,WE[ty,s]

< sup [h(u) = h(s)]+ sup [h(s) — h(v)]
u€ty,s] vE[t1,s]

L€

-2 2

Thus h is integrable with respect to F' over [a, b]. Moreover, for every choice of a < t; < s
ma < h(s) < Mo,

SO

Thus,
b
/ h dF = h(s).
a
O

Proposition 6.7. Suppose ¢, > 0 for alln > 1, Y0 | ¢, converges, (t,), is sequence of
distinct points in (a,b), and

o)

Z end(x >ty

n=1

If h is continuous on |a,b], the

/ hdF = ch
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Proof. First, note that

I(x > t,)

oo
Sch<oo
n=1

so F(x) converges for all z € [a,b] by the comparison test. Furthermore, F is clearly in-
creasing with F(a) = 0 and F(b) = Y7, ¢,. Also, h continuous on [a, b] implies that h is
bounded on [a,b]. Let M = sup,¢(, 4 |h(x)[. Now, let ¢ > 0. Choose an N € N such that

€
Ccp < M
n=N+1
Put
N oo
Fi(z) = chf(x >t,) and Fy(x) = Z end(x > ty)
n=1 n=N+1

Then F' = Fy + F», and by Propositions 6.4¢) and 6.6,

/ hdF, = ch

n=1

Since Fy(b) — Fa(a) = Fa(b) = Y0 N4y Cn < 77, We have

b
/ h dFs

Thus, by Proposition 6.4 d),

N b b N
_chh(t ) = |/ hdF1+/ hdFQ—ZCnh(t )
n=1 a a n=1

Since € > 0 was arbitrary, we obtain that

o0 N b
;Cnh(t")zjvlﬂnoo;%h(t”):/a h dF.

< M[Fy(b) — Fy(a)] < M% -

<e.

b
/ h dFy

O

Proposition 6.8. Suppose that F : [a,b] — R is monotonically increasing and differen-
tiable on [a,b] with F(a) and F(b) finite. Let h : [a,b] — R be bounded. If F' € %([a,b]),
then h € Z(F, [a,b)) if and only if hF' € Z([a,b]). In this case,

b b
/ hdF:/ hE' dt.

Proof. Let € > 0. Put M = sup,¢(,4) |h(z)|. Since F' € %([a,b]), there exists a partition
P ={tp,t1,...,t,} such that

F'.P)— L(F'.P) < —.
U(F P)~ L(F,P) < =
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By the MVT, for each j = 1,2,...,n, there exists an s; € [t;_1,t;] such that AF)
F'(s;)At;. Let z; € [tj—1,t;]. Then

Z |F'(s;) — F'(z;)| At; < U(F', P) — L(F', P) < %
Since AF; = F'(s;)At;, it follows that

n

Z (z;)AF; — Zh% "(aj)At;| < MY |F'(s;) — F'(x)| At; < e.

j=1 j=1 k=1
In particular,
> h(x;)AF; <U(hF',P)+¢e and > h(x;)F'(z;)At; <U(h, P, F) +e.
j=1 j=1
Since z; € [t;_1,t;] was arbitrary, this implies that
U(h,P,F <U(F',P)+¢ and U(hF',P) <U(h,P,F)+e,

and hence that
b b
/ hdF < U(hF',P)+ ¢ and / hE' dt < U(h, P, F) + e.

Note that if @ is another partition of [a, b], then our entire argument so far also holds us-
ing the refinement P U Q. In particular, we obtain

b b
/ hdF <U(hF',PUQ)+e < U(hF',Q)+e and / hE" dt <U(h, PUQ, F)+e < U(h,Q, F)+e

a

Since (Q was an arbitrary partition, the previous inequalities imply

b b b b
/hng/hF’dt+s and /hF’dtg/hdF+5.

Since € > 0 was arbitrary, this implies that

b b
/hdF:/ hE' dt.
The equality _fab hdF = _f: I’ dF follows in exactly the same manner. Hence, the theorem

follows. 0

Theorem 6.6 (Change of Variables). Suppose F : [a,b] — R is monotonically increasing
with F(b) and F(a) finite. Let ¢ : [A, B] — [a,b] be strictly increasing and continuous, and
let h € Z(F,a,b]). Define B,g:[A, Bl — R by

Bly) = F(o(y)) and g(y) = h(¢(y))-

Then g € Z(8,[A, B]) and
B b
dp = h dF.
Joe=]
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Proof. To each partition P = {tg,t1,...,t,} of [a,b], there exists a unique partition Q =
{Y0,Y1,-..,yn} such that t; = ¢(y;), and vice versa. Then

AFj = F(t;) = F(tj1) = F(¢(y;)) — F(o(y;-1)) = By;) — Blyj—1) = AB;,

for each j = 1,2,...,n. Since the values taken by h on [t;_1,t;] are the same as those
taken by g on [y;_1,y;], we see that

Ulg,Q,P) =U(h, P,F) and L(g,Q,5) = L(h, P, F).
Let € > 0. Since h € Z(F,[a,b]), 3 a partition P of [a,b] such that
U(h,P,F) — L(h, P, F) < <.

Then
U(g7Q7B) - L(95Q7B) <e

where @ is the unique partition of [A, B] corresponding to P described above. Thus, g €
Z(8,|A, B]) by the Cauchy criterion for integrability and

b

B
/A gdf=infU(g,Q.5) = infU(h, P.F) :/a h dF.

O

The change of variables formula for Riemann integrals follows by combining the previous
two results.

Corollary 6.2 (Change of Variable for Riemann Integral). If h € %Z([a,b]) and if ¢ :
[A, B] — [a,b] is strictly increasing and differentiable with ¢' € Z([A, B]), then

b B
[ t@rae= [ 0o a.
where a = ¢(A) and b = ¢(B)

6.3 Integration and Differentiation

Theorem 6.7. Let f € %([a,b]). Define

Plz) = /m F) dt, z € [a,b].

Then F' is continuous on [a,b]. Furthermore, if f is continuous at ¢ € [a,b], then F is
differentiable at ¢ with F'(c) = f(c).

Proof. Let M = sup ¢y |f(2)] < o0. If a <z <y <b, then

[F(y) = F(2)| =

/yf(t) dt’ < Mly — z|.
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Hence, F is uniformly continuous on [a,b] (and so also continuous). Now, suppose f is
continuous ¢ € [a,b]. Let € > 0. Choose ¢ > 0 such that

[f(t) = fe)] <e, Vt € [a,b], |t —c| <.

Then, for any « € [a,b] such that c—d <z < ¢

F(x)—F ¢

PO po| = | w0 - sy i <
Similarly, for « € [a, b] such that ¢ < z < ¢+ 4,

F(x)—F *

P20 o) = | [0 - s at] <.
Hence, for all = € [a,b] such that 0 < |z —¢| < ¢

‘F(I)_F(C) _ f(c)’ <e.
r—c

Since € > 0 was arbitrary, F'(c) = f(c). O

Theorem 6.8 (Fundamental Theorem of Calculus). If f € %([a,b]), and if there exists a
differentiable functions F on [a,b] such that F' = f, then

b
/ f(x) dz = F(b) — F(a).

Proof. Let € > 0. Choose a partition P = {tg,t1,...,t,} of [a,b] such that U(f, P) —
L(f,P) <e. By the MVT, 3z; € [t;_1,t;] such that

F(t;) — F(tj1) = f(z;)At;, j=1,2....n

Then . .

Y flapAty =Y [F(ty) = Ft;-1)] = F(b) = F(a)

j=1 j=1
But,

L(f,P gz (2,)A; < U(f,P) and L(f,P / f(z) dz < U(f, P).
Hence,
b
- / f(z) dx| < e.

Since € > 0 was arbitrary, this completes the proof. O

Theorem 6.9 (Integration by Parts). Suppose that F,G : [a,b] — R are differentiable on
[a,b] with F' = f € Z([a,b]) and G' = g € %#([a,b]). Then

b b
/ F(z)g(x) de = F(b)G(b) — F(a)G(a) — / f(z)G(z) dz
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Proof. Since F and G are differentiable on [a, b], they are continuous on [a, b], and hence,
F,G € Z(|a,b]). Thus, Fg € %Z([a,b]) and fG € %([a,b]). Let H(z) = F(x)G(x) on [a, b].
Then H'(z) = f(x)G(z) + F(x)g(z), so H € %([a,b]). Therefore, by the Fundamental
Theorem of Calculus

F)G(b) — F(a)Gla) = H(b) — H(a) / H'(z) do = / F@)G(x) do + / F2)g(z) dx,

completing the proof. O

6.4 Improper Riemann-Stieltjes Integrals

Throughout let F' : R — R be a monotonically increasing function with F(b—) = lim;_,;- F(t)
and F(a+) = lim;_, .+ F(¢) finite.

Definition 6.6. Let (a,b) C R, where —0o < a < b < oo, and h : (a,b) — R. We
say that h is locally Riemann-Stieltjes integrable on (a,b) if h € Z(F,|c,d]) for all
[c,d] C (a,b). We say that h is improperly Riemann-Stieltjes integrable on (a,b) if h
is locally integrable on (a,b) and the limit

b d
/hdF: lim lim [ hdF ()

c—at d—b— /.

exists and is finite. In this case, the limit is called the improper Riemann-Stieltjes
integral of h on (a,b).

Lemma 6.4. The order of the limits in (x) does not matter. In particular, if the limit in
(%) exists and is finite, then the limit

d
lim lim h dF

d—b— c—at J,
exists and is finite and is equal to the limit in (star).
Proof. Let xg € (a,b). Then

d o

d
lim lim hdF = lim hdF + lim / h dF.
d—=b= S,

c—at d—b— /. c—at J.

Since for each ¢ € (a,b), limg_y;,- fcd h dF exists, we have
d d o
lim lim hdF = lim | lim / h dF —/ h dF
zo—b~ d—b~ Juy zo—b~ | d—b~ P P

d )
= lim llim/hdF/ hdF
zo—b~ |d—=b~ J, c

d o

= lim hdF — lim h dF

d—b= J. zo—b~ J,

=0.
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Thus,

d
= lim lim h dF.

c—at d—b— /.

xo d d
lim lim hdF = lim [ lim lim hdF — lim / hdF
d—=b= Sy,

z9—b~ c—at J, z9—b~ |e—at d—b— J,

O

Note 6.5. If h is integrable with respect to F' on [c, b] for all ¢ € (a,b), then the improper
Riemann-Stieltjes integral of h on (a,b] is also given by

b b
/ hdF = lim h dF.
a c—at Jo
If this limit exists and is finite, then we also say that h is improperly Riemann-Stieltjes
integrable with respect to F on (a,b]. A similar situation applies at the endpoint b,
in which we can say that h is improperly Riemann-Stieltjes integrable with re-
spect to F on [a,b).

It is easily seen that h is improperly integrable with respect to F on (a,b) if and only if h
is imporperly integrable with respect to F' on (a,c] and on [¢, b) for all ¢ € (a,b). In this

case, we have
b c b
/hdF:/ hdF+/ h dF.
a a C

Proposition 6.9. The function h(x) = 1/2P is improperly Riemann integrable on (0,1] if
and only if p < 1, and is improperly Riemann integrable on [1,00) if and only if p > 1.

Proof. Exercise. O

Proposition 6.10 (Linearity). Let k,l € R. If g, h are improperly Riemann-Stieltjes in-
tegrable with respect to F on (a,b), then kh + lg is improperly Riemann-Stieltjes integrable
with respect to F' on (a,b), and

b b b
/[kh—i—lg]dF:k/ hdF+l/ng.

Proof. This follows immediately from the linearity property on each subinterval [c, d] of
(a,b). O

Proposition 6.11 (Comparison Theorem for Improper Integrals). Suppose that h, g are
locally integrable with respect to F' on (a,b), and 0 < h(z) < g(z) for all x € (a,b). If g is
improperly Riemann-Stieltjes integrable with respect to F on (a,b), then so is h and

b b
/ hng/ g dF.

Proof. Fix ¢ € (a,b). Define H(d) = ["h dF and G(d) = [*g dF for d € [¢,b). Then by
the order property for proper Riemann-Stieltjes integrals, H(d) < G(d) for d € [e,b). Note
that both H and G are increasing on [c,b), and G(b—) exists and is finite. Hence, H is
increasing and bounded above, so H(b—) exists and is finite. This shows that & is improp-
erly Riemann-Stieltjes integrable with repsect to F on [c,b) for all ¢ € (a,b). A similar
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argument shows that h is improperly Riemann-Stieltjes integrable with repsect to F' on
(a,c] for all ¢ € (a,b), so h is improperly Riemann-Stieltjes integrable with repsect to F'
on (a,b). The order property follows easily from the order property of proper integrals on
all subintervals [c, d] of (a, b). O

Example 6.2. Show that h(z) = (sinx)/x3/? is improperly Riemann integrable on (0, 1].

Solution. Since 0 < sinz < z for all z € [0,1] (you can use elementary calculus to prove
it!), it follows that

0<h(z)<z-z732 =272 vz e(0,1]
Since ~1/2 is improperly Riemann integrable on (0,1], h is also improperly Riemann in-
tegrable on (0, 1] by the comparison theorem. O

Example 6.3. Show that h(z) = (Inz)/2%/? is improperly Riemann integrable on [1,00).
Solution. Since 0 < Inz < z for z € [1,00), it follows that
0<h(z)<az-27%%=2732 Vrell o).

Since z—3/? is improperly Riemann integrable on [1,00), h is also by the comparison theo-

rem. O

Corollary 6.3. If h is bounded and locally integrable with respect to F on (a,b), and |g|
is improperly Riemann-Stieltjes integrable with respect to F on (a,b), then |hg| is improp-
erly Riemann-Stieltjes integrable with respect to F' on (a,b).

Proof. Note that 0 < |hg| < M|g|. The result follows by the comparison theorem. O

Definition 6.7. Let h : (a,b) — R. We say that h is absolutely integrable with
respect to F on (a,b) if h is locally integrable with respect to F' on (a,b) and |h| is im-
properly integrable with respect to F' on (a,b). We say that h is conditionally improp-
erly integrable with respect to F on (a,b) if h is improperly integrable on (a,b) but
|h| is not improperly integrable on (a,b).

Proposition 6.12. If h is absolutely integrable with respect to F' on (a,b), then h is im-
properly integrable with respect to F' on (a,b), and

b b
/ hdF g/ |h| dF.

Proof. Since 0 < |h| + h < 2|h], |h| + h is improperly integrable with respect to F on
(a,b) by the comparison theorem. Hence, by linearity of the integral, h = (|h| + h) — |h| is
improperly integrable with respect to F' on (a,b). Furthermore, for every subinterval [c, d]

of (a,b), we have
d d
/ h dF g/ |h| dF.

The result then follows by letting ¢ — a™ and d — b™. O

The converse of Proposition 6.12 is false as the following example shows.



6.4. IMPROPER RIEMANN-STIELTJES INTEGRALS 104

Example 6.4. Integrating by parts, we have for all d > 1

4 ginx cosz |4 4 cosx
de = — — 5 dx.
1T z |1 1z

Since 1/2? is improperly integrable on [1, 00), we have that cosx/x? is absolutely inte-
grable on [1,00), and hence, it is improperly integrable on [1,00). Taking the limit as

d — oo, we have
oo : oo
sin x cosx
dx = —cos(1) — 5 dx
1 € 1 €

exists and is finite. This proves that sinz/x is improperly integrable on [1, c0).

We now show that |sinz|/z is not improperly integrable on [1, 00), which proves that
sinz/x is conditionally integrable on [1,00). Note that if n € N and n > 2, then

n |smac| / |Sln1‘| / ) 2 1
dz > dx > sinz| de = — —-
/ Z o Z b J S =22

Hence,

"™ | sin x|

lim dr = oo.

n—oo 1 X
We now turn to expectations of discrete and continuous random variables.

Example 6.5. Suppose that X is a discrete random variable with CDF F. Let {z,,n >
1} be the support of X and let p,, = F(z,) — F(zp,—) = P(X = z,), and suppose
that E|X| = >0 | |zn|pn < oo. Since F is a CDF, it is monotonically increasing with
F(o0) =1 and F(—o0) = 0. Furthermore, note that

:anl(xen), pn >0, Vn>1 and an=1<oo.

n=1 n=1

Let h : R — R be defined by h(z) = x. Then |h| is continuous on [a, b] for all —co < a <
b < oo, soforall —oco<a<b<oo

b o
/ Bl dF =" |h(zn)|I(a < 2, < b)py
a n=1

by Proposition 6.7. Since

o0
Z (zn) |Ia<xn§bpn<2|$n|]3n<oo

n=1

the series converges uniformly in a and b over R by the M-test. By applying Theorem 4.3
twice, we have

lim lim / |h| dF = hm hm Z [h(zp)|(a < xp < b)py

a——00 b—o00

oo

- lim lim |h(z,)|I(a < z, < b)pp
— 1a—> 00 b—o0
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o0
= Z |Zn |pr
n=1
= E|X| < c0.
Thus, h is improperly Riemann-Stieltjes integrable on R and by a similar argument
[o'e) o0
/ hdF =Y z.p, = EX.
- n=1

Example 6.6. Suppose that X is a continuous random variable with CDF F and pdf
f = F’. Suppose that

E|X]| :/00 |z|f(z) dz < 0.

Let h(z) = z. Since F is a CDF it is monotonically increasing with F/(co) = 1 and
F(—00) = 0. Furthermore, f = F” is a continuous function which is improperly Riemann
integrable on R with

/_O:O f(@)dz =1 and F(z) = /j}o ft) dt.

In particular, |h|f is absolutely integrable on R by assumption, so by Proposition 6.8

oo b
/ || dFF = lim lim / |z| dF
a——00b—oo [,

— 00

a——00 b—o00

b
= lim lim/ || f(x) dzx

o0
/ || f(z) dz < oo.
— 00
Thus, h(z) = z is absolutely integrable with respect to F' on R, and hence improperly
integrable with respect to F' over R. Again, by Proposition 6.8,

[e%S) b
/ rdF = lim lim x dF
—0 a——00b—oo J,

b

=t ["ef(e)do

:/OO xf(x) dx

— 00

=FEX.

6.5 Uniform Convergence and Integration

Proposition 6.13. Let F : [a,b] — R is monotonically increasing with F(b) and F(a)
finite. Suppose that hy, € %(F,[a,b]), n > 1, and suppose that h, — h uniformly on |[a,b].
Then h € Z(F,a,b]), and

n— oo

b b
/ hdF = lim hy, dF.
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Proof. Let
en = sup |hn(x)— h(z)|
z€[a,b]

Then, for all = € [a, b],
hn_En Shghn+5n7

so for any partition P of [a, b]
L(hy, +¢€n,P,F) < L(h,P,F) <U(h,P,F) <U(hy, + &n, P, F).

Thus

7 b b b b
/ (hp +epn) dF < / hng/ hng/ (hp, +€n) dF. (%)
This implies that

0< /bh dF — /bhdF < 26, [F(b) — F(a)].

Since &,, — 0, _f: h dF = f_:h dF, so h € #(F,[a,b]). By two more applications of (*),

have
b b
/hdF—/ h,, dF

Again, e, — 0,50 [*h dF =lim, o0 [* hy, dF. O

< enF(b) — F(a)).

6.6 Applications in Probability and Statistics
e Expectation in terms of integral for both discrete and continuous cases.
e Integral inequalities: e.g. Holder, Jensen, Cauchy-Schwarz

e Convergence of moments and Helly-Bray Theorem



Chapter 7

Measure Theory and the Lebesgue
Integral

7.1 Measurable Spaces

7.2 Lebesgue-Stieltjes Measures
7.3 Measurable Mappings

7.4 Modes of Convergence

7.5 Lebesgue Integration
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